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HY200: ÅÐÉÓÔÇÌÏÍÉÊÏÓ ÕÐÏËÏÃÉÓÌÏÓ

ÅÑÃÁÓÉÁ 1: ÁñéèìçôéêÞ ÃñáììéêÞ ¢ëãåâñá.
(Çìåñïìçíßá ÐáñÜäïóçò: ÊõñéáêÞ 10 Áðñéëßïõ 2005, (¿ñá: 23:55))

(Ç ðáñÜäïóç ôçò åñãáóßáò èá ãßíåé ìÝóá áðü ôçí óåëßäá ôïõ ìáèÞìáôïò óôï eClass.)

Ç åñãáóßá áõôÞ Ý÷åé óêïðü ôçí åîïéêßùóç ìå ôéò Üìåóåò êáé åðáíáëçðôéêÝò ìåèüäïõò ãéá ôçí åðßëõóç
ãñáììéêþí óõóôçìÜôùí.
Ç ðëåéïøçößá ôùí ðñáãìáôéêþí ðñïâëçìÜôùí ìïíôåëïðïéïýíôáé ìå äéáöïñéêÝò åîéóþóåéò. Ç ó÷åäßáóç
çìéáãùãþí (semiconductor devices), ç ìïíôåëïðïßçóç ôçò èåñìïêñáóßáò êáé ôçò êáôáíÜëùóçò åíÝñãåéáò
ôùí çìéáãùãþí ìïíôåëïðïéåßôáé ìå åëëåéðôéêÝò äéáöïñéêÝò åîßóùóåéò, ð.÷.:
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∂y + cu = f, üðïõ x, y ∈ (0, 1)× (0, 1),

u(x, y) = 0, ãéá (x, y) óôï óýíïñï.
ÐáñÜ ôï üôé èá ôá äïýìå áíáëõôéêÜ óôï êåöÜëáéï ðïõ áöïñÜ ôçí áñéèìçôéêÞ ëýóç óõíÞèùí/ìåñéêþí
äéáöïñéêþí åîéóþóåùí áíáöÝñïõìå åäþ ôá âáóéêÜ âÞìáôá ôçò äéáäéêáóßáò.

1. Äéáêñéôïðïéïýìå ôï ÷þñï ãéá íá õðïëïãßóïõìå ôç ëýóç óå óõãêåêñéììÝíá (ðåðåñáóìÝíá ôï
ðëÞèïò) óçìåßá. Óôç óõãêåêñéììÝíç ðåñßðôùóç ïñßæïõìå ôá óçìåßá

(xi, yj), üðïõ xi = i ∗ hx, hx = 1/(Nx + 1), i = 0, 1, . . . , Nx + 1,

êáé yj = j ∗ hy, hy = 1/(Ny + 1), j = 0, 1, . . . , Ny + 1,

ôá ïðïßá áðïôåëïýí ïìïéüìïñöç äéáìÝñéóç ôïõ [0, 1] × [0, 1], üðùò öáßíåôáé óôï Ó÷Þìá 1. Ôéò
ôéìÝò ôçò óõíÜñôçóçò u ðÜíù óôá óçìåßá áõôÜ ôéò óõìâïëßæïõìå ìå uij = u(xi, yj).
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Ó÷Þìá 1. Ïìïéüìïñöï ðëÝãìá ôïõ [0, 1]× [0, 1].
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2. Äéáêñéôïðïéïýìå ôéò ðáñáãþãïõò ÷ñçóéìïðïéþíôáò ðåðåñáóìÝíåò äéáöïñÝò, äçëáäÞ

∂2u
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(xi, yj) =

−ui−1,j + 2ui,j − ui+1,j

h2
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,
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−ui,j−1 + 2ui,j − ui,j+1

h2
y

,

êáé
∂u

∂x
(xi, yj) =

ui+1,j − ui−1,j

2hx
,

∂u

∂y
(xi, yj) =

ui,j+1 − ui,j−1

2hy
.

3. ÃñÜöïõìå ôï óýóôçìá ôùí ãñáììéêþí åîéóþóåùí óå ìïñöÞ ðßíáêá, A ∗ sol = f , üðïõ ï ðßíáêáò
Á åßíáé ìïñöÞò æþíçò, üðùò öáßíåôáé óôï Ó÷Þìá 2.
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Ó÷Þìá 2. ÌïñöÞ ðßíáêá ãéá ðëÝãìá 5× 5 óôï ðáñáðÜíù ðåäßï [0, 1]× [0, 1].

4. Åðéëýïõìå ôï óýóôçìá ìå ôçí êáôÜëëçëç ìÝèïäï.

Áêïëïõèåßóôå ôéò ðáñáêÜôù õðïäåßîåéò:

• ×ñçóéìïðïéåßóôå ôéò óõíáñôÞóåéò \, lu ôïõ Matlab ãéá ôçí åðßëõóç ãñáììéêïý óõóôÞìáôïò.

• ×ñçóéìïðïéåßóôå ôç óõíÜñôçóç elliptic ãéá íá äçìéïõñãÞóåôå ôïí ðßíáêá A êáé ôï äåîß ìÝëïò
f ìå êáôÜëëçëá nx, ny, c1, c2, c.

• ×ñçóéìïðïéåßóôå ôç óõíÜñôçóç nonzero ãéá íá ó÷åäéÜóåôå ôçí äïìÞ ôïõ ðßíáêá êáé íá äåßôå
ôç ìç-ìçäåíéêÞ äïìÞ ôïõ.

• ×ñçóéìïðïéåßóôå ôç óõíÜñôçóç plotsolution ãéá íá ó÷åäéÜóåôå ôçí ëýóç ôïõ óõóôÞìáôïò,
äçëáäÞ ôçí ëýóç ôçò äéáöïñéêÞò åîßóùóçò.

• ×ñçóéìïðïéåßóôå ôçí norm(A ∗ sol − f) ãéá íá õðïëïãßóåôå ôï óöÜëìá ôçò ëýóçò óáò.

• ×ñçóéìïðïéåßóôå ôéò tic, toc ãéá íá ìåôñÞóåôå ôï ÷ñüíï åêôÝëåóçò.
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• ×ñçóéìïðïéåßóôå ôç óõíÜñôçóç jacobi ãéá íá ëýóåôå Ýíá ãñáììéêü óýóôçìá ìå ôçí ìÝèïäï ôïõ
Jacobi.

• ×ñçóéìïðïéåßóôå ôç óõíÜñôçóç cg ãéá íá ëýóåôå Ýíá ãñáììéêü óýóôçìá ìå ôçí ìÝèïäï ôùí
Óõæçãþí Êëßóåùí (Conjugate Gradients).

• ×ñçóéìïðïéåßóôå Cntl-C ãéá íá óôáìáôÞóåôå áôÝëåéùôåò äïõëåéÝò ôïõ Matlab.

• Ãéá íá áðïöýãåôå ôçí ðåñéôôÞ áíôéãñáöÞ/åðéêüëëçóç óôï êýñéï script óáò, ãñÜøôå óõíáñôÞóåéò
(ìéá ãéá êÜèå ìÝèïäï lu run, luinc run, jacobi run, gs run, cg run). ÊÜèå
ìéá áðü áõôÝò èá:

1. Äçìéïõñãåß ôá a, f .

2. Ó÷åäéÜæåé äïìÞ ôïõ ðßíáêá áí nx, ny ≤ 5.

3. Ëýíåé ôï óýóôçìá ìå ôçí êáôÜëëçëç ìÝèïäï êÜèå öïñÜ.

4. ÌåôñÜ ÷ñüíï åêôÝëåóçò êáé óöÜëìá ðñïóÝããéóçò ôçò ëýóçò.

5. Åìöáíßæåé ìå êáôÜëëçëá ó÷üëéá ôï ÷ñüíï åêôÝëåóçò, ôï óöÜëìá êáé ôïí áñéèìü ôùí åðáíáëÞøåùí
(áí ðñüêåéôáé ãéá åðáíáëçðôéêÞ ìÝèïäï).

6. Ó÷åäéÜæåé ôçí ëýóç.

• Ãéá êÜèå Üóêçóç êáëÝóôå ôçí áíôßóôïé÷ç óõíÜñôçóç üóåò öïñÝò ÷ñåéÜæåôáé êáé ãñÜøôå ôéò ðáñáôçñÞóåéò
óáò êáé ôá ó÷üëéá óáò ãýñù áðü ôéò ãñáöéêÝò ðáñáóôÜóåéò, ôá óöÜëìáôá, ôïõò ÷ñüíïõò ôùí ëýóåùí
êáé ôïí áñéèìü åðáíáëÞøåùí. Ôï êåßìåíï óáò íá åßíáé óå LaTeX.

ÁÓÊÇÓÇ 1. á) ÊáëÝóôå ôçí lu run ãéá íá êÜíåôå ðáñáãïíôïðïßçóç ìå ôçí lu, êáé ôçí \ ãéá íá ëýóåôå
ôá ôñéãùíéêÜ óõóôÞìáôá ðïõ ðñïêýðôïõí, áí ôï áñ÷éêü ðñïÝñ÷åôáé áðü nx = 3, ny = 10, c1 = 0, c2 = 0, c = 0.
â) ¼ìïéá ãéá nx = 10, ny = 3, c1 = 0, c2 = 0, c = 0.
ã) ¼ìïéá ãéá nx = 5, ny = 5, c1 = 0, c2 = 0, c = 0.
ä) ¼ìïéá ãéá nx = 5, ny = 5, c1 = 100, c2 = 0, c = 0.
å) ¼ìïéá ãéá nx = 5, ny = 5, c1 = 0, c2 = 100, c = 0.
óô) ¼ìïéá ãéá nx = 5, ny = 5, c1 = 0, c2 = 0, c = 100.
Ôé ðáñáôçñåßôå ùò ðñïò ôçí áêñßâåéá ôçò ëýóçò óáò;

ÁÓÊÇÓÇ 2. á) ¼ìïéá ãéá nx = 10, ny = 10, c1 = 0, c2 = 0 êáé c = 0.
â) ¼ìïéá ãéá nx = 20, ny = 20, c1 = 0, c2 = 0, c = 0 êáé c = 100.
ã) ¼ìïéá ãéá nx = 30, ny = 30, c1 = 0, c2 = 0, c = 0 êáé c = 100.
ä) ¼ìïéá ãéá nx = 40, ny = 40, c1 = 0, c2 = 0, c = 0 êáé c = 100.
å) ¼ìïéá ãéá nx = 50, ny = 50, c1 = 0, c2 = 0, c = 0 êáé c = 100.
Ôé ðáñáôçñåßôå ùò ðñïò ôçí áêñßâåéá ôçò ëýóçò óáò êáé ùò ðñïò ôï ÷ñüíï åêôÝëåóçò;
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ÁÓÊÇÓÇ 3. ÄïêéìÜóôå íá ëýóåôå ôá ôåëåõôáßá 5 óõóôÞìáôá, ôçò Üóêçóçò 2, ÷ñçóéìïðïéþíôáò ôçí
âáóéêÞ éäéüôçôá ôïõ A, üôé åßíáé áñáéüò. ÌåëåôÞóôå ôçí óõíÜñôçóçsparse ôïõ Matlab êáé ÷ñçóéìïðïéåßóôå
ôçí ãéá ìåôáôñÝøåôå êáé íá áðïèçêåýóåôå ôïí A óå áñáéÞ ìïñöÞ. ÅðáíáëÜâåôå ôéò åíôïëÝò ãéá ôç ëýóç
ôïõ óõóôÞìáôïò, ìüíï ðïõ ôþñá èá ÷ñçóéìïðïéÞóåôå ôçí luinc áíôß ôçò lu ìÝóá áðü ôçí luinc run.
Ôé ðáñáôçñåßôå ùò ðñïò ôï ÷ñüíï åêôÝëåóçò;

ËáìâÜíïíôáò õðüøçí óáò ôçí äéÜóðáóç ôïõ ðßíáêá A óå A = D−L−U êáé ôéò åðáíáëçðôéêÝò ìåèüäïõò
Jacobi êáé Gauss-Seidel ãéá ôçí åðßëõóç ãñáììéêþí óõóôçìÜôùí ðñï÷ùñåßóôå óôéò äýï ôåëåõôáßåò
áóêÞóåéò, Ý÷ïíôáò óáí áñ÷éêü äéÜíõóìá ôï x0 = 0, ε = .5e− 5 êáé maxiter = nx ∗ ny . Ïé áëãüñéèìïé
ðåñéãñÜöïíôáé óôïí ðáñáêÜôù ðßíáêá.

Óå ìïñöÞ åîéóþóåùí Óå ìïñöÞ ðéíÜêùí

ÅðáíáëçðôéêÞ ìÝèïäï Jacobi
for k = 1, . . . , maxiter

x
(k+1)
i =

bi−
∑i−1

j=1
aijx

(k)
j
−
∑n

j=i+1
aijx

(k)
j

aii
, i = 1, . . . , n

if (||x(k+1) − x(k)||2 < ε) stop

end

for k = 1, . . . ,maxiter

Dx(k+1) = (L + U)x(k) + b

if (||x(k+1) − x(k)||2 < ε) stop

end

ÅðáíáëçðôéêÞ ìÝèïäï Gauss-Seidel
for k = 1, . . . , maxiter

x
(k+1)
i =

bi−
∑i−1

j=1
aijx

(k+1)
j

−
∑n

j=i+1
aijx

(k)
j

aii
, i = 1, . . . , n

if (||x(k+1) − x(k)||2 < ε) stop

end

for k = 1, . . . ,maxiter

(D − L)x(k+1) = Ux(k) + b

if (||x(k+1) − x(k)||2 < ε) stop

end

ÁÓÊÇÓÇ 4. ×ñçóéìïðïéþíôáò ðÜëé ôçí éäéüôçôá ôïõ A, üôé åßíáé áñáéüò, êáëÝóôå ôç jacobi, ç ïðïßá
èá õëïðïéåß ôçí åðáíáëçðôéêÞ ìÝèïäï Jacobi, ìÝóá áðü ôçí jacobi run.
ÄïêéìÜóôå íá ëýóåôå ôá ôåëåõôáßá 5 óõóôÞìáôá áðü ôçí Üóêçóç 2. Ôé ðáñáôçñåßôå ùò ðñïò ôçí áêñßâåéá
ôçò ëýóçò óáò êáé ùò ðñïò ôï ÷ñüíï åêôÝëåóçò êáé ðëÞèïò åðáíáëÞøåùí;

ÁÓÊÇÓÇ 5. ÔñïðïðïéÞóôå ôçí jacobi.m þóôå íá õëïðïéÞóåôå ôçí åðáíáëçðôéêÞ ìÝèïäï Gauss-
Seidel ìÝóá óôçí gs.m ôçí ïðïßá èá êáëÝóåôå êëáóóéêÜ ìÝóá áðü ôçí gs run.
ÄïêéìÜóôå íá ëýóåôå ôá ßäéá ôåëåõôáßá 5 óõóôÞìáôá. Ôé ðáñáôçñåßôå ùò ðñïò ôçí áêñßâåéá ôçò ëýóçò
óáò êáé ùò ðñïò ôï ÷ñüíï åêôÝëåóçò êáé ðëÞèïò åðáíáëÞøåùí;

ÁÓÊÇÓÇ 6. ÊáëÝóôå ôçí cg.m ìÝóá áðü ôçí cg run ãéá íá ÷ñçóéìïðïéÞóåôå ôçí ìÝèïäï Óõæçãþí
Êëßóåùí(Conjugate Gradients) óôçí åðßëõóç ôùí ãñáììéêþí óõóôçìÜôùí.
ÄïêéìÜóôå íá ëýóåôå ôá ßäéá ôåëåõôáßá 5 óõóôÞìáôá. Ôé ðáñáôçñåßôå ùò ðñïò ôçí áêñßâåéá ôçò ëýóçò
óáò êáé ùò ðñïò ôï ÷ñüíï åêôÝëåóçò êáé ðëÞèïò åðáíáëÞøåùí;
Õðåíèõìßæïõìå üôé ç ìÝèïäïò ôùí Óõæçãþí Êëßóåùí(Conjugate Gradients) ìðïñåß íá äïèåß áðü ôïí
áëãüñéèìï:
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Áñ÷éêïðïßçóç: x0 = 0 ⇒ r0 = b−Ax0

Ëýóå: Dr̃0 = r0 ⇒ p0 = r̃0

for k = 0, . . .

αk = (r̃k,rk)
(pk,Apk)

xk+1 = xk + αkpk

rk+1 = rk − αkApk

Dr̃k+1 = rk+1

if(rk+1, rk+1) ≤ ε

return

βk = (r̃k+1,rk+1)
(r̃k,rk)

pk+1 = r̃k+1 + βkpk

end





ÌÝèïäïò Óõæçãþí Êëßóåùí.

ÃåíéêÞ õðüäåéîç: Ãéá íá ìåëåôÞóåôå ôá áðïôåëÝóìáôáôÜ óáò êáé íá ãñÜøåôå ôéò ðáñáôçñÞóåéò óáò,
óõãêåíôñþóôå ôá óôïõò ðáñáêÜôù ðßíáêåò:

nx ny c1 c2 c ÷ñüíïò óöÜëìá

3 10 0 0 0

10 3 0 0 0

5 5 0 0 0

5 5 100 0 0

5 5 0 100 0

5 5 0 0 100

10 10 0 0 0

20 20 0 0 0

30 30 0 0 0

40 40 0 0 0

50 50 0 0 0

10 10 0 0 100

20 20 0 0 100

30 30 0 0 100

40 40 0 0 100

50 50 0 0 100

Ðßíáêáò 1. ÁðïôåëÝóìáôá ìå ÷ñÞóç ôçò lu.

5



nx = ny c ÷ñüíïò åðáíáëÞøåéò óöÜëìá c ÷ñüíïò åðáíáëÞøåéò óöÜëìá

luinc 10 0 100

20 0 100

30 0 100

40 0 100

50 0 100

Jacobi 10 0 100

20 0 100

30 0 100

40 0 100

50 0 100

G− S 10 0 100

20 0 100

30 0 100

40 0 100

50 0 100

CG 10 0 100

20 0 100

30 0 100

40 0 100

50 0 100

Ðßíáêáò 2. ÁðïôåëÝóìáôá ìå ÷ñÞóç ëïãéóìéêïý ãéá áñáéïýò ðßíáêåò êáé åðáíáëçðôéêÝò ìåèüäïõò.

ÊáëÞ åðéôõ÷ßá.

6


