TMHMA MHXANIKQN H/Y, THAEIIIKOINQNIQN KAI AIKTYQN
ITANEIIIXTHMIO OEXXAAIAX
HY200: EIIIXTHMONIKOX YIIOAOI'TEMOX

YHMEIQXEIX & EPT'AXIA 2: IIgoo€yyion ovvagtijoenv xa dedopévov: MEOBodog Taylor »nar
rolvovupx xogeppolri) - M€@odog Elayiotov Tetgaydvov
(Hpegopnvio Iagadoons: Kveraxn 15/5/2005, (‘Qoa: 23:55))

MEG®GOAOX TAYLOR KAI IIOAYQNYMIKH ITAPEMBOAH.

IleépAinua: Me dedopsvn o ovvdomon f(z) v evég mivana pe Teg me f

( T T2 o Tp_1 Ty )

f(x1) f(x2) ... flzn—1) flzn)

Poelte wa “amdy” won “ouai” ovvdomon é(z), n omoia vo. elvon pa “xakij mpoosyyion” mg f(x), dmhadi
améoraon || f — @|| va elvon “wsxorf”. Tuvibog emAEYETOL oL CUVAQTNON @ TTOV VO WTTOQEL VO, AVOTTALQOOTUOET
OOV YOUWMARGS CUVOUOOUOS “pvwotdy”’, TOMS OUdADY OUVAQTHOEWY {Bi(m)}f\il, OL OTO(ES UTORAAOUVTOL
ouvopTioels Pdong row givor yoouuxas aveEdomnres petaly tovs. H mopdpetgog N ovopdleton didotaon

TOV YDEOV TTROTEYYLONS OTOV 0Tolo avirel N ¢ 1 ahide Pabuol ehevBepiog e ¢. Tehxd: f(x) = ¢(z) =

Y aiBi().

Toagurn Topdotao
Mébodog Tuvagtijoerg paong B;(z) eap " e n

ouvvaeTioenv Bdong

10 T

Taylor L(z—a),(x—a)? ... (z—a)

9
8
7
6
sk
a
3
2
1
0

2 25 3 35 4 45 5

(x =4, (z —4)°, (z — 4)°

TToAvovuunr

ToREUPOA o il




Toagurr mapdotaon

Mé6odog Tuvagtioets Baons B;(z)
ouvvaeTioEnV Bdong

IToAvovupxng
TOQEUPOM [0 (@ —25)/(xi —x5), i=0:n
Lagrange
Tunpoman .
J'co}wwvvut’wﬁ 1 1<z<0
ToeeUPOA 3 0<z<1 §
(ue otoBeRES
OUVOQTHOELS)
Tunpomian
TOAMMVLLLAT] 0, r< -1 1
ToeeUPOA r+1, -1<z<0 .
(ue l—z, 0<z<1
YOOLLUMHKES 0, 1<z o
OUVOQTHOELS)
Tumporm (r +2)3, —2<z< -1
TOMIOVUPLAY 14+31+2)+31+2)2-3(1+2)3 -1<2<0 :
TOQEUBON] 14301 —a2)+3(1—-2)2—3(1—2) 0<az<l )
(ue  nvPunég (2 — )3, 1<z<?2
splines) 0, < =2,z >2 o8

) (zr41)2(1—-2z), —1<z<0 B
Thonueme) (1-2)2(1+22), 0<z<1 -
no)wwvv;:t/)m 0, < —la>1
M | << ,;
hermite) (z -1z, 0<z<l s

0, r<—-l,z>1 0




T'oaguren mapdotaon

MéBodog Tuvagtioeis Baong B;(x) i )
ovvagtioenv faong

Iopeuforn ue onrég dotay T tanz®t . tana”

OvVO!Q’IZﬁOSLg bo+bix+box?2+...+by, ™

Iopepporn

[E enbetwnés | exp(ax)

OVVORTHOELS

Torywvouetouny|

. | 1,sin(z), cos(x), sin(2z), cos(2x), . . .,
Mopeupory (Zewpée | .
. sin(nx), cos(nz)
Fourier)

Iivaxag 1. M£6odol maeufoing, oL GUVOQTHOELS PAONS KOl Ol YOUMLXES OIVOTIOQOOTAOELS TOVS,

IHoAvovupxt too€yyion.

Ioyveropds. (Weierstrass) Edv 1 f eivow ovveytic ovvdomon oto dudotnua [a, b, 16te yua »dbe € > 0 vrdoyet

€voL TOMMDVUIO Pp () BaBpot n = n(e), TETow0 BOoTE MaAT4efq | f(T) — Po(z)] <€

Mé€00dog 1: Xewgég Taylor yio TV mEOGEYYION “OHUADY’ GUVAQTHOEWY.

Ioyvowonds. "Eotw 6t f(z) wotton pue 1o avdmrvyna g oelpds Taylor oto onueio a:

flz) =302 f< )(x —a)". "Eotw T),(z) 1o mohvdvupo Taylor pabuot n g f oto a. Aot 1 f woovtan pe

10 avdmruyua ™mg oglpdg Taylor, T, (z) — f(z) »abdg n — oo xan doa to 1), uroel vo yonowwomombel oov
wa weoogyyion me f ¢ f(x) = T,,(x). Oa BEhape motéoo va EEgovue TG00 HeEYAMO TEETEL VOL EIVOL TO 12 DOTE
vo emriyovpe v embuunti axpifera. [ to oxomd avtd mpémer va dovpe 10 néyebog Tov vmohoimou:

| Bn(2)| = |f(2) — Tu(2)]



Ynueioon: Zopgovo ue v mpoosyylon we oelpés Taylor, pia opohy ovvdomon f umoel va TQooeyyLoTel

n O (a
fl_!()(

ané 1o mohvdvouo Taylor Babuov n, py(x) = > i, r —a)’. O Padbudc Tov mohvwvipov %xaboitetol

ard v emBuuNTH oxEIPELR TS TOOOEYYLONS.

Avdlvon opdlpatog tng pedodov Taylor

Yrdoyouv To€LS TOOmOL EXTIUNONS TOV PEYEBOUS TOU OPAANOTOC:
1. KoaroorevdZovpue T yoopuxy maodotaon Tov | Ry, ()| #ou extipodue to opdiuc amd autyy.

2. Edv n ogpd elval mo evollacoouevy oelpd, umogotue va yonowwomoujoovie to Osdonua Extiunong

Evolhaooduevwv Zewpav (Alternating Series Estimation Theorem).

3. & OMeg TIC TEQUITAOELS WTOQOVUE VA YONOLUOTOoOVNE TOoV TUIo Tov Taylor, ovugpwva pe tov omoio:

(nt+1) (5 "
Rp(r) = f(n+1)(! ) (z —a) i

omov z elvon Evag apuBuog tov Poloretal neTaEl Twv T ®aL a.

Hogadeiypara: Xonoonolwwvrag 1o Oedonua Taylor UITOQE(TE VOl TTAQETE TAL TAQOUKAT OVOITTTUYUOLTO CUVAQTHOEWV:
11 - 1l@-2)+i@-2%-Lt@@-23+5@-2)"+0((z-2)°)

In(z) = (x—1)—3(z—-1)>+1 —1)3—%(£E—1)4—|—O(($’—1)5)
O((z —m)°)
1

(z
sin(z) = —(z —m) + (. —7)% +
VE= 14 3= )= e D e = (e 1) Ol 1))
cse(z) =1+ &(x — 3m)2 + (z — 3m)* + O((x — i7)P)
2sin*(z) = 2(x — )% — 2(z — m)* + O((z — 1)%)
1—cos(2z) =2(x — m)* — 2(z — m)* + O((x — 7)°)

Iogdderypa: Av f(x) = cos(z), 16te | TEOOEYYLON TS W TTEOE T 0, e Tov TUmo Tov Taylor xou pe Tohvdvupa

Babuov 0, 2, 4, 6 xow 8(BA. Zynua 1), dideton avriotoyya amxd:

6

To(z) = 1, E(%——% Ty(z) =1-2 420 Ty(a)=1-2 42 — 2

T 1 ;8

1/x

I I
4 4.5 5

- L L L E I I
0 1 2 3 4 5 6

Yynpa 1. Ov ovvapmioeig cos(z) (apuotepd) xou % (0e&ud) ue g mpooeyyloels Toug.



Iogddevypa: Av f(z) = %, 1 TQOCGEYYLON TS WS EOS To 1, pe tov Timo tov Taylor xou pe mohvdvupa foabpov

0, 1, 2, 3 now 4(PA. Zyjua 1), dideton aviioToryo omo:
To(x) =1, Ti(z)=1—2, Th(zx)=1—2+22, T3(z)=1—a+2> 23 v Ty(z) =1 -2+ 22— 23+ 2%

IMPOBAHMA 1: Yro)loyiote to fafud n tov mohvwvipov p (ovugpmva ne m nébodo Taylor wg mpog to onueio 0)
70 omolo mEooeYY(Gel T ouvdgmon cos(z) ne opdhuc wxedTeo 1 (oo 31077 oto didomua: [—, 7). Tyedidote

10 TOMVDVLRO %o TV cos(z) oy dia yoagux Tapdotaon o 1o didomua [—37/2,37/2]. &

AYXKHXH 1: Ymoloyiote pue m pnéBodo Taylor, 1o molvdvuna Babuov 2, 4 waw 6 wg meog to onueio 0, g
oVvaETNONG mﬁ’ 20BDS KoL TAL GVO POAYUATO TOV OQAMIOTOS 08 XG0 TepimTmon Yo to ddomua [—1, 1].

T ovpmeQalvete Y10 TN CUYREXQLUEV OUVAQTNOT; ZUUTANQWOTE TOV TIVORL

n || £(.3) | p(:3) | Extiunon opdiuarog

N~

Inueioon/YredelEn. Aivovion o mapdywyol e f(x) = m

£ (b)) = ~ e

% ((1+215x2)) = 50(&‘;?’;21)3

d% ((1+215x2)) = —1500093%

%44 ((1+215x2)) = 15000%

dszs ((1—5-215302)) - _375000%1%“09375 6

@t ((1+25$2)) = 11250000 e (1+25x§)7‘ 4 e 6

dzx7 ((1+215x2)) = —1575000000035—1+17596(1—;1;57;?%);156259C

d788 ((1+215 2)) = 157500000001_900””2_13125??i2—é—§§)195625x8+78750z4

Mé£060odog 2: IToAvovuxrn Iagepporn Xuvagtiioeov rot Aedopévoy

ITIPOBAHMA 2: Yrohoyiote v mohvwvousti tpoosyywon p(z) me f(z) oto didomua [a, b], £tol dote 1 p(z)
vo. ouugpwvel pe v f ota onueic £ = a @ s : b (ovpPoloudg Matlab). Aéue 1 to p mopeufdarer my f ota

naQomdvm onueic. &

AlyéoOnog 1(M£6odog Iivaxa): To moludvupo mov Payvouue TEEMEL VO, 1xavomolel Tig n eElomoelg p(x) =
f(z) ota onuela x = a : s : b, dmov n + 1 = size(x).

H yeviny] noogn evég molvwvipou Pabuoi n @ meog ™ petafinti T elval:

™ + ap_12" V4 ...+ aix + ag



émov ag, aiy, . . ., Ay €ivoal otabeés xal a, # 0. O fabuds evéc molvmviuov eivol 1 peyolitepn dvvaun omy

k, oL omoiot

omota elvan vpopévn n petafinti tov. Kabe mohvdvupo eivan dBpotopa amd deovs g Hoegi|s ax
ovoudlovral uovavvua, 6mov a givanl o otabeQd ot k €vag un apvnunds axéoaros. “Eva dudvuuo elvon to
aBpotopa dVo novavupmy, éva Towdvyro elvan 1o dBgolopa ToLHV povavuuwmy %.0.x. H Mion tov mpofAjuartog
NS TOAVWVUILATG TTAQEUPOANS OUVIOTUTAL OTHY ETEAVOT TOV TTAQOXATW TEOPAUATOS TLVARWY, GTTOV O TTIVARUS

TWV CUVTEAEOTMV TOU CUOTHUATOS TV YOUUMKDV EELODNCEWY ovoudietol mivaxras Vandermonde.

1 x ... zf ag f(zo)
1z ... af ar | f(xy)
1z, ... a} an f(zy,

IMapdderypo: “Eotwm n ovvdomon f(x) = m Boslte éva mohvdvupo pabuod 6 to orolo mapeupdiiel Ty
ouvAaQINOoN Ot onueio z = —3 : 3. e auT TV TEQITWON, M AU TS TOAVWVUILXIS TTaeUBOAMS ouvioTaToL
OV £6QEON TOV OWTEAESTOV ToU Tolvavipov agz® + asz® + asz* + azz® + as2? + a1z + ag = f(z) N
x = —3 : 3, IOV LOOOUVANEL e TNV ETAVON TOV CUOTHUATOS TOV EELCDCEMV. 2TO TAQAIELYUA QTS O TUVAROS
CUVTEAECTMV, TO JIAVUOUO TWV OYVAOTWY %Al SLEVUCUO TOV TUWY TS oUvVAQTNoNg elval ol axdiovbol:

1 -3 9 —27 81 —243 729 | [ a0 [ 0.0044
1 -2 4 -8 16 -32 64 a 0.0099
1 -1 1 -1 1 -1 1 as 0.0385
1 0 0 0 0 0 0 |]|az]|=1] 1.0000
1 1 1 as 0.0385
1 2 4 8 16 32 64 as 0.0099
|1 3 9 27 81 243 729 | | as | | 0.0044 |
®aL 1) Aon slvou:
[ 1.0 |
1.0 x 1079
—1.3048
—4.0x 10710
0.36962
—1.4787 x 10~ 1!
| —2.6326 x 1072 |

Aga 1o mohvdvupo elvon To p(r) = —0.0263262° + 0.36962x* — 1.304822 + 1.

~05 L L L L L
=] -2 -1 0 1 2 3

Tynua 2. H yooagurj mapdotoon mg f(z) = m %Ol TOU TOAWVUUOU
p(z) = —0.0263262° + 0.369622* — 1.304822 + 1.



AZKHIH 2: Ymoloylote tor molvdvupo mov mapeupdihovy m ovvdomon f(x) = exp(—42?) oe 3, 7,
13, 31, 61 waméxovra onueio Tov daotiuarog [—3,3]. Kdvie ) yoagxy moodotaon g ouvaQTnong o
TOV TOAMVIUWY O €V YOamo TodBuQo %ol VIOAOYIOTE T0 OpAAa (T UEYLOTN RaTd aTOAUTY T TG
ALaPoEAS TOV TOAVWVIUOU OITO TN CUVAQTNON) Yl ®ABe molvdvupo, yononorolmvras 601 1oaméyovio onueio

OTO TAQOTAVD SLAOTNUCL. e

YnodaiEn: [odyte wa ovvdgmnon pe dvoua matrixgenerator(x, n), 6mov x 10 OWAVUOUC UE TIC
TETUNUEVES TV onUelwv TS TaQeuPoAfg %ol n 10 TAB0S Tovg, 1) OOl VTOAOYILEL ROl EMLOTOEPEL TOV TIVOXOL
TOU avtioToLoV ouoTNuaTog meog Mon. Emiong yodyte wa cuvdgmnon pe dvopa evaluatepolyno-—
mial(poly, m, t),omov poly eival To SLIEVUOUQ UE TOVS CUVIEAEOTES TOU TOAVWVUUOU, m O Babuds
TOU %o t M TETUNUEVN Tov onueiov oto omolo vmoloyiCovpe TV T Tov molvwvipov. H ouvvdomon Ba
ETLOTOEPEL TNV TLUY TOU TOAVWVIIOV. XONOLUOTOOTE ToV ®avova Tov Horner yio vo 1oV vtoAoyLopus e Tiung

Tov moAvwvinov. To mpdypauua cog Ba €xelL TNV TOQORATW ROQWY:

shmeia = [3 7 13 31 61];
for 1i=1:5

x = linspace (-3, 3, shmeia(i));

n length(x);
a = matrixgenerator(x,n);
[L, U] = lu(a);
y = exp(—-4*x.°2);
yi =U\N (L \ y');
for k=1:n
vy (k)=evaluatepolynomial(yi, n, x(k));

end;

end

AYXKHXH 3: Enavoldpete tnv moonyosuevn doxnor, 6mov avil Yo Loamsyovia onuelo, YonoLuomojote to
onueia mov mEorvITOUV amd ToV TUMO:

2+ 17
3 — =0,...
COS(n+12), ) N )

Fodypte TIg MOQATNENOELS 0OG %Ol TO, CUUTEQAOUOTE OaS. e

Tnueiwon. Avtin néBodog TEEMEL VO ATOmEVYETAL, YLt oL AMboeLg Twv eElodoewy Vandermode cupmepupgépovron

TOoQdEEvVa YIoL ueyYaha n.

AhyoeOpog 2 (M€6odoc Lagrange): Me avt ) né6odo 1 Aot Tov TEOoPARUATOS TS TOAVMVUILRTSTIOQE PO

dlvetal amd ™ oyéon:

pa(x) =D flai)Li(x)

1=0

~



dmov Ta onpelo maepfoiic etvon Tor {z;, f (i) g wow Li(z) = [1—g ;5 (x — 2;5) /(% — x5).
Hapdderypa. Ymoloyiote to molvdvuua moeuforns L; 6ov Babuot ota onueia -3:1:3.

Avon. Ov ovvaprtioelg paoels Li(z) yioo ot Ty mepimrwon eivo:
o(x) =(z+2)(z+ 1)z(x — 1)(x — 2)(x — 3)/720,
—(x+3)(z+ z(z — 1)(x — 2)(z — 3)/120,

2 (z +3)(z + 2)x(r — 1)(z — 2)(z — 3)/48,

Lo(

Ly(z) =

Lo(z) =

Li(z) =—(x+3)(x + 2)(x + 1)(x — 1)(x — 2)(x — 3)/36,
Ly(z) =

Ls(x) =

Lg(z) =

1

X

(x+3)(x+2)(x + 1)z(x — 2)(x — 3)/48,
—(x+3)(x 4+ 2)(x + 1)z(x — 1)(x — 3)/120,
(x+3)(x+2)(x+ 1)a(x — 1)(x — 2)/720.

4\ T

5T

e A A > e

6T

L L L L L
-3 -2 -1 0 1 2 3

Tymna 3. Ta mohvdvoua Li, i = 0, ..., n yia 1o didomupa [—3, 3] #aw yio 7 woaméyovia onueia.

Osdonua. FEotw f € C" Y a, b] naw pn(z) 0 molvdvupo Lagrange oot n mov mogepfdher m cuvdgmon

f(z) ota onueion @ = z9 < 1 < ... < xp, = b, Tote, yioo #dbe = € [a,b] vmdoyer €va & 61010 BoTE
n+1 (n+1) hn+1 ,
f(x) —pn(x) = f(nﬂ()g!) (x —xo)(x—x1) ... (T —xp) vou || f —pnl| < %, 6mov h = maz;|xi41 — ;.

Mé€00dog 3: Tunuatizy moAvovupurt moepfor] ouvaQTioeny ®ot dedopuévav

IIPOBAHMA 3. “Eoww n owdomon |1 xav n onueia aveic (@4, v;), i=1,...,10, 0w dote a = 1 <
Ty < ... < xp_1 < xp = b. HopepPdhrete ndbe Tevyog ouvexduevav onuelmv pue €va molvavopo Babuod 0,
1 xou 3 aviiotolya. AutEg Ol CUVOQTNOELS TQOCEYYLONG OVOUALOVTOL TUNUOTIXG TTOAVMVUIC. ZTNV TEQITMOoN
TOV TOAVOVUR®Y TOIToV PaBuov, umogovue va Bewoiicovie GTL ®dbe Cevyog YEITOVIXWDY TOAOVUI®Y £(TE €Y0UV
ovveyelg mpaTeg mapayayous (omdte ovoudlovron rvpueég spline Hermite), eite €xouv ouveyeis 1600 TG TOWTES
600 %al TG delteQes mOQAYdYOUs, ondte ovoudiovial vuPuxés splines. &

H ouvdgmon tov Matlab interpl extehel povodidoraty mogepuforn ne tunuatind molvdvona faduoi 0, 1
%Al 3, WOl ONUCVTLXT] AELTOVQYIO YLt TNV avaAwon SedoUEVmV %ol TNV TRoodouoyn xaumuiay. H ouvdomon avty
XONOLWOTOLEL TOAMIWVUULXES TEYVIRES, TEOOAQUGTOVTAS Ta SEJOUEVA e TOMWVUIAES CUVOQTHOELS UETAED TV
ONUEIMV-UETONOEMVY %o VTOAOYITEL TV TLUY TOv ®aTtdAAniou molvwvipou moeepforns oto embuuntsd onueio
nogeppfoine. H mo yevixy nooen g ovvdpmons etval yi=interpl (x, y, xi, method), émov y elvou

TO OLAVUOUQ TTOV TTEQLEYEL TUUES TNG AYVIOTNS CUVAQTNONS ®ou X gival Eva didvuoua idlov wijnovg mov weQLéyel



Ta, ONUEl 0Tl 0TOl0l AVTLOTOLYOVY OL TLIES TOV dlavioratog v, x 1 elval €vo SLAVIVONA TToU TEQLEYEL ONUELD OTOL
omoio Bhovpe va extelégovpe moeeuPorn vow method eivou €va mEoMEETIRS ahpaBUNTIXS oV #oB0QICEL
™ uéEBodo e moenPoinc:

o [lapeuporj mAnoiéotepov yeltova - Nearest neighbor interpolation (method= ‘nearest’)

H pébodog avty Béter v uw evog onpeiov mapeuforic ion pe oty L 1oV TANOLEGTEQOV Onuelov

dedouévmv.
Hogdderypa-Kodurnag Toagixn) mapdotaomn Tig nearest Avong
x = —=3: 3; 09
n = length(x); o8

0.7

for i=1:n

y(1)=1/(1425%x(1)*x(1));

0.6

0.5

end;

x1=-3:.1:3;

041

0.3

yi=interpl(x,vy’, xi, 'nearest’);

0.2

14

plOt(XIYI,O rxj—ryj—rlfl) 0.1F

B B
[ SEEEEEEEY TEEE ! I | EE Y R S
-3 -2 -1 0 1 2 3

o Toauuxij mapeupPorij - Linear interpolation (method=linear’)
H pé6odog avt mpocaguelel po SLopoQeTIRy YOOUULXY ovvdQTnon Hetagy xdbe Cetyoug cuvexousvmy
onueimv 0edopévav roL EMLOTQEPEL TNV TLUY THS OYETIXNG OUVAQTNONS OTd onpeia Tov dtoviopatog .

Avti elvan 1) mpoxraBoplouévn uéBodog g ouvdgong interpl.

Hopdderypo-Kddwrwag L'oaguxn} magdoraon tng linear Aong
x==-3: 3; oor
n = length(x); o8

for i=1:n T

v{(1)=1/(1+25*x(1)*x(1));

0.6

0.5
end;

x1=-3:.1:3;

0.4

0.3

yvi=interpl(x,vy’,xi, "linear’); 0al

plot(x,vy, 'o’, xi, yi, "=") oaf

o [lapeupPoij ue xvpixéc splines - Cubic spline interpolation (method="spline’)
Avti 1 1€B0O0E TEOCUEUSLEL EvaL DLAPOOETLHG TOAVHVUPO TOITOV PaBuoy peTaly ndbe Cevyoug ouveyouevwy

onuelmv dedoUEVMV, ROl TQOGEYEL DOTE TC TOAVMVUIC VX, £X0VV CUVEYEIS TOMTES %Ol OEVTEQES TAQAYWDYOUS



oto. dxpa. Tovs. To Tunuatind avtd Tolvdvura PToQoBy VO EXMEACTOUY OOV YOOUAO! GuvOUAoUol TwV

B-splines wov opiomnav otov Ilivaxo 1(ogh. 2).

Hopdderypa-Kodurnag Toaguen} magdotaon tng cubic Aong

1

x=—3: 3; 09
0.8

n = length(x);

0.7

for i=1:n

y(1)=1/(1425*x(1)*x(1));

0.6

0.5

end;

xi=-3:.1:3;

0.4+

0.3

yi=interpl(x,y’, xi, "spline’);

0.2

7

plOt(XIYI,O rxj—ryj—r,fl) 0.1F

o Kvfixyj Hermit tunuatixt molvovvuixyj maoeufolj - Cubic piecewise Hermit polynomial interpolation
(method="pchip’ 1j ‘cubic’)
O &o avtég néBodol (‘pehip’ naw ‘cubic’) elval Tavtéonues. Xonowomolwovv ) cuvdeton pchip yia
vo gxtehéoovv TunuaTivg molvovuxy mageufolyy Hermite avdpeca ota dwaviopato x xor y.  Ou
uéBodol avtol diarnotv T novotovio ol to oxjua twv dedopévayv. Edv ndmowo onuelo xi giva
EXTOS TOV JLOOTHUATOS TTOV OQILETOL OIS TIG UETONOELS X, 1) LEBODOS QLUTY] YONOLUOTOLEITOL Yict TTOOBAEYM.
Evalhartind, nwjonyi=interpl (x, v, xi, method, extrapval) avurablord tig moofAemoueves
TWég ne to didvuopa extrapval. H wury NaN yonowpomotetor ouyvd yio v extrapval. No onuetwBet

T€hOC OTL Bheg oL nEB0JOL AELTOVQYOUV ROl UE U1 OUOLOUOQEPOL HOTOVEUNUEVES UETONOELG.

Hopdderypo-Kodwrag Loagurn} magdotaon tng cubic Aong

1

x=—3: 3; 0.9
08F

n = length(x);

0.7

for i=1:n

v{(1)=1/(1+25*x(1)*x(1));

0.6

0.5

end;

xi=-3:.1:3;

0.4F

0.3

yi=interpl(x,vy’', xi, "cubic’);

0.2

4

plot(x,vy, 'o’, xi,yi, "=") oaf

Magdderypa. Ze ovtd to madderypa emAEEapue onueic TaeUPorrs EEw amd To SLAOTNUA TOV UETOTTEWV.
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Haods Kb Toaguen magdotaon tng pchic AMong pe onueia
apdderypa-Kodirag
¢ i maeeNPoris £E@ a6 To SLIACTNIA TOV LETENOEOY

1

x=—3:3;

0.9

n = length(x);

0.8

for i=1:n

0.7

y(1)=1/(1425*x(1)*x(1)); osf
end; 05
xi=-4:. 1: 4; 0af

0.3

yi=interpl(x,vy’, xi,
"spline’, "extrap’); |

’ 0.1

plot(x,y, ‘o', xi, yi, "=")

AXKHEIH 4. Yrnoloyiote Tic xupuréc spline mov mapeppdihovy myv f(x) = exp(—4x?), oe 7, 13, 31 xau 61
LoamEyovIa, onueia oto dtdotnua [—3, 3]. Kdvie Tig yoopirés TaQaotdoels e cuvdomnong xoL twv spline oéva
yooupLro mapdBugo, ®ol VohoyioTe o€ ®A0e TEQIMTWON TO PEYLOTO ROTA OTTOAUTH TUUY] OPAMIOL X0V OLUOTTOLDVTOS
601 waméyovra onueia. Ilagovoldote 1o opdAnota o Eva mivaxra, xal yedte 1o XA 00G. XQNOLUOTONOTE
™ spline pe Ta 13 onueia, ywa va vrohoyioete v f oto [—5, 5]. Kdvte v yoagunij mapdotaon xoy vrohoyiote

10 opdhua o 1001 waméyovra onueia Tov daoTiuatos [—5, 5. &

Ilageppolrr) pe Splines.

H mopeppoin ue splines vhomoieital oto Matlab zow omd v mapaxdtm ouvvdoTnon:

yy=spline(x, y, Xx)

pp=spline(x,v)

H yy=spline(x, v, xx) xonowomnotel mapenporn pue xupixég splines yio va vwohoyioel 1o didvvopa vy,
Omhadn tg Tpég e ovvagTnong v ota onueio xx. To didvuopo x mepihappdvel to onuelo ota omolo oL
TWES v elvau yvwotéc. Edv 1o v eivou évag mivaxrag, 1éte to dedouéva Bempoivial 6t eivar dtoviopota »ou 1
moQeUfoin yivetol yio ®a0e yoouuq tov y. Ze out] Ty TeQimtmon, To ujrog 1ov x, length (X ) meEmel va
woovtal e size (v, 2), eved 1o uéyebog tov vy eivar oo ue size(y, 1) X length(xx).

[Tpocoyn: Autd etvar aviiBeto amd v ovvdgmnon interpl(x,y,xx,’spline’), | omolo mpoypaTomolel mogepfoin
vy #d0e otiAn tov mivaxra y. o avty ) ovvdpmon, 1o length (x) mEémel va woovtal ue size(y, 1)
%ol 1 didotaon Tov vy elval fon e length(xx) X sixe(y, 2).

H pp=spline(x, y) emOTQEPEL T ROQPY TOV TUNUATIXOU ToAvwvipov xufwiig spline g mogepfoins,
e oroms va yonowomombel and mv ppval alld xou to medyoauua yia splines unmkpp. Kavovixd dgv
YONOLUOTOLOUVTOL OUVORES TEQROTIONOU (not-a-knot). Qot600, AV TO Y TEQLEYEL TEQLOGOTEQES TUES ATt TO
X, TOTE 1] TOMTY RO 1) TEAEVTALO TLUH TOV Y YONOLUOTOLOUVTOL YLt TV ®AIOT TN mapoyduevng spline ota dxo

™g. 2vyrerouéva: £ (x)=y(:, 2:end-1), df (min(x))=y(:, 1), df(max(x))=y(:, end)
Eg@agpoyég pe splines.

Hagdderypa 1. 1o mapdderypo SNUOVQYELTAL TOMTA PLAL RAUTTUAN NULTOVOU ®OW OTH CUVEYELDL YIVETOL TTOLQEUPOM

ue spline mdvw o€ €vo TUrRVS TAEYRO ONUEl®V.
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Hogdderypa-Kodirag L'eaguxn magdotaon tng spline Avong

1 T

0.8

0.6

x=0:10; oal
y=sin(x); ozl
xx=0:.25:10; o
yy=spline(x, v, XxX); -0

! !

plot(x,y, "o’, xx,yy, "+');

Hagdderypa 2. Avté 1o mapdderyno meQlryQdepel Ty emParidpevn 1 winon mapepPorr] e splines, émovu
®aBopiCovton o xhioelg g spline oto dxea TS, ZuyrexQuuéva, thTeitan vo xataoxrevootel wa spline wov va

TOQEUPAMAETOL OE CUYHERQUUEVO GUVOAO UETONOEWY, 1) Omtolal va. €xel UNdeVIRES ®MOELS OTA AXQO TNG.

Hogdderypa-Kodwrag

x=-4: 4;

y=[0 .15 1.12 2.36 2.36 1.46 .49 .06 0];
cs=spline(x, [0 v 01);

xx=1linspace (-4, 4, 101);

4

plot(x,vy, 'o’, xx, ppval(cs, xx), '-');

Loaguen magdoraon tng spline Avong

05 L L L L L L L
-4 -3 -2 -1 0 1 2 3 4

Hopddevypa 3. Ta dbo diaviouata

£=1900:10:1980; p=[75.995 91.972 105.711 123.203 131.669 150.697
179.323 203.212 226.505 249.633];

12



TOQLOTAVOUV TA, YOOV, amoyeagns amd to 1900 ugyor o 1990 ot Hvwuéveg Ilohteles xow tov mAnbuoud oe
gxaroppvora avBgonwy. H éxgpoaon spline (t, p, 2000 ) yonowmomotel mopePoiy ne xuPurég splines yio

va. mpoPAépeL Tov IAnBuous 1o €rog 2000. To amotéheona stvor ans=270.6060.

IHopdderypo 4. Ou eviohéc

x=pi*[0:.5:2];

y=[0 10 -1010; 1010 -12011];
pp=spline(x,v);

yy=ppval (pp, linspace(0, 2*pi, 101));
plot(yy(l,:),yv(2,:), '"-b’, v(1l,2:5), v(2,2:5), "oxr’)

ROTAOREVAZOVV T YOOPIXY TTORAOTOON €VEg ®Uurhov, pe to mévee onueio dedopuévav y(:,2),...,y(:,6) va
onuetavovron pe o. To dudvuopa y mepiéyetr dvo magomdvm Tpég (dnh. dvo magoamdve otihes) amd 1o X, €Tol

ov Tuée y(:, 1) now y(:, end) yonowomolotviat Yo Tov ®aBogLopud g xhong ot dxQa.

Tayvtnra, Mvijpn zor Opadotnra.

‘Orav emuhéyovps pia ué6odo mooefBoing, mEEmeL va £XOVUE OTO PUOAS OGS OTL XATTOLES OTIOLTOVY TIEQLOCGTEQY
UVIUN 1] TEQLOOGTEQO VTOAOYLOTLHG YOOVO omté T dhleg. Qotdoo, cuvijbwg Béhovue va eEloogpomjoouue
aToUg TOUS TOQOVS, (IOTE VO, ETLTUYOVIE TV eMLOVUNTI] opuaAdTnTo oto anotéheoud. H uébodog tov minciéotegou
yettova elval m YoNnyoQoTteQ, wotdo0 TAQAYEL T XELROTEQO OOTEAEOUATA, OO0V Ogpood TV owaidtnta. H
HEB0BOE TG Yoouuxig TAEUBOAYS X0eLdleTaL TEQLOTATEQN Uviun amtd v nEB0dO Tov TANCLEGTEQOV YEl(TOVA,
%Ol OTOLTEl EAAPOOS TTEQLOTGTEQOD Yobvo. Emumiéov, oe avtiBeon ue m néBodo tou minclEoteQon Yeltova, To
amotehéopatd g elvor ouveyy, adhd 1 whion ahhdlel amdtopa ota onueia Twv petoroewyv. H magepupforn pe
®UPLREC splines €xeL TOV PEYOMITEQO TUYRQLTIXA XQOVO EXTELEONS, OV AL ATTALTEL ALYOTEQO YXOGVO antd T néBodo
™e ®uPuric mopeupoirc. Iopdyst wdAlota To OUOAGTEQO ATOTEAECUOTO Ot GAES T UEBBGOOUS TTaeUPOAIS.
Qo100 uropel va 0moeL ampocdo® NTal ATOTEAEGUATO 0TIV TEQINTMOY OV TA ONUELN TWV PETOOEMV eV elvor
OUOLOUOQMA. RATAVEUNUEVO, ROl XATOLY, ONuelo elval oAU xovtd netoEy tovg og oxéon ue 1o vmorowma. H
®uPuxn moeRforr| amortel TEQLOOGTEQO VITOAOYLOTLHGS XOOVO %ol Uvijun T0oo amd T uEBodo Tov TANocLEcTEQOV
yeltova 600 %ol amd T yoouuky Toeufory). Qotdoo, 1600 1o mageufoaridueva onueio, 600 ®oL 1 TEOTY
nodywyos tovg elvor ovveyels. Ta oyetind mheovexrmuata xdBs uebédov eEanorovBouvv va Loyvouy anoun

®AL VIO TV TEQUTTWON TS TOEUPOANS o€ ddLAOTATOUS #OL O TOAMIAOTATOUS XDBOOVS.

IHogepporn) o€ ovvagriioels pe 2-D o 3-D medio ogiopov.

Ynueinon. To Matlab €yel mapduoleg ovvaptiosls Yo ddidotato %al Tolooldotata dedouéva., Ta Ovo

TOoQAdElypata oV axolovBolv meQLYQdpouV T XONOoT TOVS.

Hogaderypa. Exteléote mapeupoh ot ovvdotnon peaks, o€ évo Aemtopnepég TAEYIA ONUEIWV XONOLUOTOLDVTOS

™ ouvdomon interp?2. H mgoxabogiouévn néBodog mapeufoiis eivar 1 yooumuxy spline.
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Hogdderypa-Kodirag L'eaguxn) magdotaocn tng interp2 Avong

[X, Y]=meshgrid(-3:.25:3);
Z=peaks (X, Y);

[XT, YT]=meshgrid(-3:.125: 3); B
ZI=interp2(X, Y, 2, XI, YI); =
mesh(X,Y, 2);

hold;

mesh(XI,YI, ZI+15);

hold off; S

axis([-3 3 -3 3 -5 2017)

10

——— 4’€%§f§§h“
<g§§§%k ‘ /,“\

===
=
SS=SS 2
So——=—oo< AN
e Og e~ \\\\
oS <>\ LY
SSSISISOoSSSSoml S F

exit e

Hogddevypo. Iapenporr) o To10d1doTata O SOUEVA XONOUOTOLIVTOS TUNUATLXA TOAVGVUUOL (TQOXRABOQLOUEVY

nEB0d0C) ne T ouvdpmon interp3 tov Matlab.

Hogdderypa-Kadirag

[x,y, 2, v]=Tlow(10);

[xi,vi, zi]=meshgrid(. 1:.25:10, -3:.25:3, —-3:.25:3);
vi=interp3(x,vy, z, v, xi,yi, zi);

slice(xi, yi, zi,vi, [6 9.5],2,[-2 .2]);

shading flat

exit

L'oaguxn} magdotaon tng interp3 Avong
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Avtiorgogn Ilageppoin

1,

ig.

ITPOBAHMA 4. "Ectw 61 divetan évag mivaxag dedopévav yio m ovvdomon f(x)

T 1 2 ? 4 5 6 7
f(z) 1 05 03333 025 02 0.1667 0.1429

#ow Inrelton va Poeite my i @, 1 omolo, avtiotoryel oe dedopusvn i f(x). Ze avmi mv mepimtwon, 1o
TESPANUC ovviotatal oty emihuon g un yoouuxig eglowong 1/x=0.3333. Y& mOMES MEQUITMOELS SIS 1)
ouvagmon dev eivar yvwoth. "Etol, og outég TIg TEQLITTMOELS TOEMEL VAL EXTIUHOOUUE TO X A6 TO TOAIDMVUUO
mogeuforic p(x) me f(x). Anhady, moémel va Aoovpe t0 un-yooumxrs modpiua p(x) = 0.3333 yia 1o
dedopévo mivaxa petorioewv. Epdoov n p(x) eivor wor opolyj ouvdetnon, ®dt T€Tol0 Wroeet var emtevy el
gunoha ne tig pueBédovg mov magovoidtovion oto Kegpdharo 2 tov PBuilov twv I'. Axpifn #or B. Aovyahn
‘BEwoaywynq oty AplBunty Avdivon’. Mo axdun amhy dArd oy wWiaitepa aBidmorn pébodog elval vo
®GVOUE TN YOOI TAQAOTOON TOv & g Teog To f(x) nar va yonowomowjoovpe e nébodo oav v La-
grange ylo. vo. VITOAOYIOOUUE L0l TTQOOEYYLON TOU X, TNV OO0 UTOQOUKE VO XONOUWOTOOOUNE YLt Vo, fooUe
To X 010 onueio 0.3333. Avotuyng, pue v avioteogn Twv uetafintdyv dev eivar olyovpo 6Tl oL TES %aTd
wijxog g véag tetunuévng (n omoio Tdpa eivan 1 f()) elvon opoLSHOQPA RATOVEUNUEVES, HE OTOTENECUOL
N mapeupori va magovoldiel tahaviwoels. To medPinua avté ovoudietal 10 TESPANUA TG AVTIOTQOPNS

TOQEUSOMS.
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MEO®OAOX EAAXIXTQN TETPAI'QNQN.

Yrdoyouv 10€1S SLOpOQETIRES RATNYOQ(ES TEORANUATWV OTT6 TG OMOIES TEORVITTOVY TEOPAUATO TOOOEYYLONG.

H »d0e plo €xel ta dind e e101rd YOQARTNOLOTIXA.

1. TIpoogyyion noBnUaTLROV CUVOQTHCEMY.

2. Avamapdotaon dedouévav.

3. Avdivor dedouévawv.

—_— X

e
= = Polywnymo 20y bagmoy
'+ Sfalma proseggishs

-0.5
-1

-0.8

-0.6 -0.4

Yynua 4. Ilpooéyion ouvdagmmong.

-0.2 0 0.2 0.4

0.6

0.8

Hgooéyyion padnuatizev cuvagTioemv. X ouT THY XaTNYoRio TV TEoPAnudtwy, TOETEL VO TQOOEYYICOUNE

o woAvmAoxny ovvdomon, pe v mohvdvupo. Tumixd mopadsliypora T€Tolwy cuvaetoswy elvon sin(z),

exp(z) ¥AT. oL TOU AUTGROTE. O VITOAOYLOTIS LS avTtraOloTd e ToAvdvupa ®dBe god ov YoeldleTon vo

VTOAOY(OEL PO TLUY] TOVS. AVTES OL TQOOEYYIOELS EXOVV TO TTAQURATM YOQUXTNOLOTIXA:

o Amanitoupe oAU vymAn axifeta, e TAENg twv 6 Ewg ®ot 30 dexaduwwy Yynelwy.

o Agv mpémel va vmdQyel afefordtnta 0T oUVAQTNON TOU TTOORELTAL VO TQOOEYYICOVUE.

o Xonopomolotpe Oheg TG OGTNTES TG CUVAQTNONG TIS OMOIES YVWEILOVUE %Ol OL OTOIES UELDVOUV THV

TOAMTTAOROTITOL TNG TTQOCEYYLONG(T.). TEQLODLROTNTOL HAT).

014
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Yomua 5. Ioooéyywon dedouévwv pe peydin axpifeia.

Avamragdotaon dedopévav. X ovti Ty xarnyopia €xovue €vo peydio ouvoro oo dedonévo(LETQNOELS 0QYAVWV)
%O YOELOLONOOTE YL OTA] %o 7o UxonoTy mEoaéyylon. Tumnd mogdderypo €ivor va €xouvpne mOMMES
IETONOELS TNS GTUOOMALQUXNS Tileong oe Sdgoga Uiy ®oL OEAOUUE VO CVTIXOTAOTI|OOVUE TOV TIVOAM TwV

HeTONoEWY e €va noinuatnd Tomo. AUutég oL TQOOEYYIOELS €XOUV TA TOQURAT® KOQOUTNOLOTLAA!
o Amautoupe pneoaiog 1dEng axoiPela, 2 ue 5 denadixd ymeplo.
o Ymdpyel wxon apefardtnra otn dedousva nog.

o YrdgyeL ovyvd (OxL mdvra) ®dmolo e1d1xn Thnoogoio YL Tal deSOUEVA TTOU UWITOQOTUE VXL XONOLUOTOLOOUUE

v vo gpooeyyioovpe ta dedopéva nahitega. (m.y. To dedopéva ouvOLovTaL e ULaL EXOETIXY GUVAQTNOM)

o Ta dedougva elvor draxpLrd onueia xaw Oev lval EVnoOAO VU TAQOVUE ETLTAEOV UETONOELS.

24

22 1
9 0 *
2 .

18f e . 1
16 N
1.4+ 4
121 440, 4
1k ° \,‘0” )
08l o s o 1

0.6 .

04 I I I I I
0

Xyua 6. Ilpoogyyion dedouévav pe peydrho opdiud.

Avdlvon dedopévav. Zauty Ty xonyoQia £xovie Eva GUVOAO SeJOUEVWY IOV EUTEQLEXOVV AOXRETH afePfardtnTa,
e(te AOY® CPAALATOV TWV 0QYAVWV UETQNONG, EITE AOYM TWV TEYVIXGY IOV XONOLUOTOLNOAUE YLOL VO, OTTOKTHOOUIE
avtd ta dedopéva. H apepardmra umoget va neygévetan and 50%Ewe »or 100% nan yevird 1 alomotia Tov

delyparog pmoQet va wohy younhy). Avtég oL mQooeyyIioels £X0UV To TAQARATH YOLOOKTNOLOTLRA:
o Amaitoupe oAU younAy axpipela, and 0.5 €mng 3 dexadind ymelo.

o Ymdpyel aoxem) afepaldtnra ota dedouEVa, 1 OTOLC ELVAL UE TUXOLO TQOTO KATAVEUNUEVY OTO deiyua,

%Ol 0 TEOTOS AUTAS dev elval YVwoTds 08 HOC.
o Agv €Yovue emUTAEOV TTANQOPOQIL CUCYETIONS TV dedOUEVMV.

o Ta dedouéva eivor droxpLrd onpeia ®ow Oev elvar eVnoho Vo TAQOVUE ETLTAEOV UETONOELS.
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Eonteguzd yivopeva ol vVOQUES € YDQOVS GUVAQTHOENDY.

Ogtopds: "Eotm X évag yoauunds xdoog. Mia ameixévnon (.,.) : X X X — R Aéyetal e00TEQAG YIVOUEVO
otov X, OV gival yooupy wg o ®dBe UETARANTY TG, CUMUETOLXY] ®ol BeTind oQLopévn. Anhadn:
(x+y,2) = (2,2)+ (y,2), Vo,y,z€ X
(Az,y) = AMz,y), Vr,ye X
(z,y) = (y,z), Vo,yeX
(x,z) >0, Ve e X\ {0}.

"Evag ywpog otov omoio €xel oplobel éva ecwtepind yivouevo Aéyetar Evzheiderog yogos. Av yio 2,y € X
et (z,y) = 0 téte autd Aéyoviol 0pdoy@dvia.
“Eva amthS £00TEQIRS YIVOIEVO IOV 0GOS £ivaL 1i0M Yvwotd, eivat 1o (.,.) : R2x R? — R émov av (a, b), (c,d) €
R? 161e ((a,b),(c,d)) = ac + bd. Emiong yvopitovpe 6t av dvo Staviopato Tov emmédov elvar xdbeta
UETOED TOUG TOTE TO E0MWTEQIHG YIVOUEVO TOVS givar 0, evdd LoyveL cos(w) = \/Wal;%\?g—i-id” émov w M ywvio Tov
oynUaTiCouv to. do doviopaTo.
Ztov C([a, b]), (To DO TV GUVEXDY CUVOQTHOEWY e TeEdio 0QLOUOY o [a, b)) €va ecwTeQd yvéuevo gival
TO , ,

()= [ f@g@ya 1 (f.9)= [ w@)f@g(a)da
émov w o BeTIMT, oAoxANEWouy cuvdagtnon Pdoous.

2 TOAUTAOROUS XMHEOVUS XOELALETAL VO ELOGYOUIE TNV EVVOLO TNG ATGOTOONS UETAEY dvo OToLyElwY TOV,
OTWS OTO CUVOLO TV TOAYUATIRAV AQLBUGV €XOUUE TNV oToAUTH T TS dapods dvo aptbudv. T'a to Adyo
QTS ELOGYOVIE TIC VOQIES 1] HETOOL OTOVS Xpove avtotc. Stov R 1 véopa eivon 1 améhum muy. Stov R? q
gvvoLa g VOEIOS SIOETAL ROL OIS THY TETOOYWVIXY] QUL TOU 0BQOIGIATOS TWV TETQOYWMVIOY TWV CUVTETAYUEVWY

evég Sravioparog. Anhadi, (z,y) € R? téte

Iz, )l = a2 + 2.

Avté emexteiveton §uoha otov R™, n € N, cav [|z]l2 = /> 17— 27, 2 € R™ M dhn végua otov (8o xdhoo
glvaw ||z]|oc = maxi<p<n|zi|,x € R". Yrdoyouv mohhol 1o6mol var ogioel dmotog wict vépua, o€ éva mo

TOAMITTAO®O YMQO, ®aL VOGS TEOTOS elvaL HECW TOU ECMTEQLLOU YLVOUEVOU.

Oowpds. ‘Eotw (X, (.,.)) évag xdoog ue e0wteQnd YLOUeVo, T0Te Ne
] = /(. )

op(Cetan wia vépua otov X.

Iapadelypota vopudv otov xio twv ouvexdv cvvagticewy (C([a, b])) eivar

= [ v

oL omoieg mponhbav amd To TaQATAVL ECWTEQLRA YLVOUEVA. AMheg VOQUES Elvor

b
7= [ @y

b
£ :/a [f(@)|dz i ([ fllec = mazacacs| f()]-
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Ogwonds. ¢ éva o e vépua (X, ||.||), av Y eivan éva vroovvolo tov, »or & € X t6te 10 y € Y Ayeton
BédTiorny mEOOEYYLION OV LoYVEL

gav z € Yiote |z —yl < |z — z].

H péltiom mpooéyyion €xel v €vvola g meoPoArg Tov Gtolyelov mov BEhovue Vo TRooeyyioovue, o8 €va
YOO MrEOTEONS OLAOTAONS %Al TOAMTAOXOTNTOS. ApxeTd Pondnund eivan to oyfua 5.1 oty oehida 177 tov

BupArlov cag "Ewoaymyn omyv AplBuntivy Avdivon'.
Yuvagerioels zor IloAvdvupa.

I'vopiTouvpe 6T 0 XHEOS TWV OUCADY GUVAQTHOEWY, VOl ATELQOS KOl OEV VITAQYEL UOVOOLXY] TETEQUOUEVY

pdon m omola va weQLypdpel Sha ta otouyelal Tov.

H wipia 1ididmnro mov xaeosrtnilel §va oUvolo OTOEIDY T1, X2, . . . , Ty Cav Bdon Tov Yweov Y elval, puotnd
x;, €Y,Vi=1,...,n na,
eav y €Y 161 y = 1x1 + asxe + ...+ apxr, OmOV af,...,q, € R.

Muat oD xoMoLun WLGTNTO TOV OUOYETICEL puuat BAON VA xEOL ®ot TG BEATLOTES TOTEYYIoELS HECH OTO

Y00 auto elvar: Av y € Y n Béhtiotn mpocéyyion Tov z otov Y ue Bdon 1o 1, T2, . . ., T, TOTE
(z,2;) = (y,x;), Yi=1,...,n.
2UVNOmg EXOVIE VO, CVTLUETMIOOVUE TO TAQOXATW TOSPANUL:

ITPOBAHMA 5. ‘Eoto f ‘[mb] wor opohj ovvdpnon. Wdyvoupe vo footue €va mohvdvouo pabuod n, pf(z) =
AT +an 12" . . Fa1z+ag, T0 0mO(O VO, LXAVOTTOLEL TN OYEoN f;'w(x)(f(x)—p;‘l(x))Qda: = Minpep, ff w(z)(f(x)—

p(z))2dz. Avté To molvdvupo, i, ovopdieton meooéyyion ehayiotov tetouydvoy e f. &

Me don oo eimope mapamdve Yo fAoELs, VOQUES, ROl EOWTEQLRS YIVOUEVO rAOMG emiong ®aL PE TLS IOLOTNTES
TOV, TO TESPANUCL AUT6 Elvor LGOdTVAIO Pe TV ETTAVOT TV EELODOEWY Y i a; |, f w(z)r™Hde = | f w(z) f(z)2! d,
v j = 0:n, agob ta 1, 2,22, 23, ..., 2" amorehovv fdon P, (R), o omolog elvail 0 YHOOS Twv TOAMVIImY
n Poaduov pe medio optouov 1o R. O eEL0D0EIS auTég avagpéQoviol wg #avovirés EELOGOELS.

Cevird, eGv 1) OVVAQTNON TTEOTEYYLONS elval ¢(x) = i aiBi(x), 6mov { B} Bdom tov xdhQov Teocéyyong,

T6TE OL ROVOVIXES EELODOELS ElvOL Y i G f; w(x)B;(x)Bj(x)dx = f;’ w(x) f(z)Bj(x)dx.

Mio onpavtinn xoatnyoptia Paoemv givan oL 0pBoywvieg PAoeLs 1o otolyeia Tmv omoiwv elvor ogBoydvia, dnhadn
av T, T2, . .., T, 0pBoydVIO fdon téte (24, x5) = 0,Vi # j.

"Exol oty mepimrwon tov €xovue oty didbson pog 0pboydvies Pdoels Téte 1) AUGH TOU TAQUTAV® CUOTHUATOS
[? w(@)f(x)B;(x)dz

[ w()Bi(x)Bi(x)da
Edv n f elvan yvoori uévo ot €éva, otvoho onuelmy, 16te 10 0horAjomuo. ovuirabiotatal arnd 1o dBooloud, Twv

eElodoewy elval: a; = at = 0:n. Bepunbeite ot notolafaivete yroti ovppaiver avto.

TOCOTHTWV IOV EUTAEXOVIAL, OTA YVWOTA onueio g ouvdQTnong.

TTeQL0QISUAOTE OTO YHEO TWV TOAMVUU®Y WO TTOV UE AuTov 8ot oy 0AnBolpe OTIg TOQOXATW ACKNOELS.

Ogwopdg: Iohvddvupa Legendre Py,n = 0,1, ..., Aéyoviol 1o 0000Y®OVLOL TOAVDVUIL S TTQOS TO ECMTEQLHO

ywouevo (., .), 6mov

()= [ f@gteyis
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yio. T ool Loyvel P, (1) =1,n =0,1,....

Heéraon: o ta mohvdvupa Legendre, Loyvel 1 moQoxdtm ovodQouLxy oxEon,
(n+1)Ppt1(x) = (2n+ DzPy(x) — nPy_1(x),n > 1,

6mov Py(z) =1, Py(x) = .

IIPOBAHMA 6. AmodeiSte pe pabnuomnd 1omo, du ta mwohvavopa 1o, Th wow Ts, émov To(x) = 1,T1(z) =
x, Th(z) = %x2 — %, elvo 0000OYDVIOL WS TEOS TO TAQUTAVM ECWTEQLRO YIVOUEVO. XQENOUWOTOLNOTE TOL OOV
paon oto oo Pa([—1,1]) yia va vohoyioete TV meoogyywon ehayiotwv tetpaydvav g exp(z). Kdvte
™ YOUUXY TOQAOoTOOoN TS ovvdQTnong, Tov TOAVWVIUOU %ol Tov ogdinatos. Ilowd n oxéon wwv T; pe ta

morvawvupa Legendre;

IIPOBAHMA 7. "Eotw 10 mohvdwvupo pa(z) = 7, a;Tj(x), 6mov To(z) = 1, Ty (z) = x waw Ty, () = cos(n -
cos™'z). AmodeiEre pe podnuanins 1oémo ém ta mohvdvuua T; efvar 0p0oydvio oe oxEon pe T GUVAQTON
Baoove w(x) = 1/+v/1 — 22 xou Poeite mv mEooéyyLon ehoxiotwv tetpoydvav e e*. To mohvdvopa T;
ovopdtovran Chebychev. Ymohoyiote pe pabnuotixd toémo ng oileg tovs. “Exete ouvavinoel ta onpeia ovtd

mplv; Znuewwote Ot

0, oav 1#£ ]
I w(@)Ty(2) Ty (x)da = { T, av i=j=0
/2, AL

AvaxQLrd eLAYLOTO. TETQAYMVO.

MéyouL Tpa avagepBnxraue oty mpoosyylon cvvagtioewy. Twea Ba aoyoinBovue ne v mEocEyyLon
dedopévmv, Tov TEOEQYOVTIOL ald UETONOELS RO UITOQED VO TTEQLEXOUV QS 1 HEYAAO OPALLA TO OTOI0 SUWS

eV UwoQoUle Vo TQOCEYYICOUNE.

INPOBAHMA 8. H amhovotegn mepimtwon meooéyylons ehay(otmv TETQaydvemy €ival 1) TQOCAQUOYH ULOG
gvBelog yoauurs og €va otvoro Levywv mapoatmmoroemy x-y. H toxmxn ovti Aéyetan "Teappuxen Ilolvdeopnon'.
H pabnpomxn meprypagn g evbelog yoopuuic eivar y = ap + a1 + e, 6mov ag ®al aj €ivol CUVTELECTES OV
TEQLYQAPOUY TO ONUELD TOWS UE TOV AEOVO TWV TETAYUEVWV KOl TNV ®AION aviloTo(a, eV € Eival T0 OpAAUd
1} T0 VTGAOLTTO UETAEY TOV LOVIEAOU KOl TV TOQOTNONCEWY.

Av éxovne n NETONoELS, X = (21,22,...,Tyn), ¥ = (Y1,Y2,---,Yn) € R™ 1618 Mow véppa wov uwopoipe vo

yonowomoujoouve elvar 1 eméxtaon g Eurieldsiag otov R” yia mv omola woyvet:

n
Ixllz == | D=7
i=1

H mopandvew gvbeia, y = a1z + o, amotehel BEATLOTN TQOTEYYLON EQV TA (g ROL (¢ EIVOL TETOLO, MOTE VO
ehoyLoTOTTOLE (TOW M)
ly = (a1x + ag)||2-
BefaiwbOeite ot oag elvar xatavontd Yiati nas aoxei va eAQyIOTOTONo0VHE WS TTPOS Qg %Al 01 THY GUYAQTHON

Plag,a1) = Yig (i — a0 — a1x)?.
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Avon. H Mion wooduvauel pe v exthvon twv mogoxdtw eElcmoewy, oL 0moles amotehotV emaonels ovvonxres

YLCOL TV EAOLYLOTOTOIMON:

a% =—2>" 1 (yi —ag — a1z;) = 0 »on %’1 = —=2>" 1 (yi — a0 — a1z;)x; = 0. Elvow g6xoho vo, amwoderytel
L, nYy Tiyi—» T; Yi _ —_ _ — . . . .
én a; = LT DD DTN ap = Y — a1T, 6OV Y kot T (VL OL UECES TUES TWV Y ROL T OVTIOTOLYCL

O DR O

Befawwijte dri Edpete mws xat yiati xatalifyovue oe QuTovs TOVS TUTOVS.

Hoegadadevypo. T 7 mooypdupoto vmohoyloti HETORONHOY 0 0LBUSS Twv mpoofdoewv oto dloxo (X) xaL o
XQOVOg xorong Tov emeSepyaot (y). Ta amotehéopara @aivoviol OToV TaQorATm mivana, Al UEe T YIVOUEVQL

T Y, T HOLY - Y.

X y Ty x-% Y-y

14 2 28 196 4

16 S 80 256 25

27 7 189 729 49

42 9 378 1764 81

39 10 390 1521 100

50 13 650 2500 169

83 20 1660 6889 400

1T DY YTy YrTT Y-y

271 66 3375 13855 828
i X y | Extlunon tov y (¥) | Zedhua 1 Tetpdywvo

VITSAOLTTO O@AAMLOTOS
ei=(y—1) 1 vrohoimov
1 14 | 2 3.4049 -1.4049 1.973744
2 16 | S 3.8925 1.1075 1.226556
3 27 | 7 6.5743 0.4257 0.18122
4 42 | 9 10.2313 -1.2313 1.5161
5 39 |10 9.4999 0.5001 0.2501
6 50 | 13 12.1817 0.8183 0.669615
7 83 | 20 20.2271 -0.2271 0.051574
Xovoha | 271 | 66 66.0117 SE=-0.0117 SSE=5.86891

Idwetnreg g yoopuixs molvooounons.

e H evbeia ehaylotov tetoaydvov diépyetal amd 1o onueio (Z,7). Auvté amodetxvieTol amd Tov THTo Tov

uao 8deL 10 .

¢

~ 0
o Y y=2y ol 5o =0.

e To dBpowoua twv vroloimwy, SE, mpémel va elvar undEv(yra tov (dto AGyo ue mLv), EXTog ®al AV VTAQYOVY

OPAMLOTA OTQOYYUAOTTOMONC.

e To dBpowopa Twv TeEToaYdVLY TV vtololnwy, SSE, moémel va elvar ehdyiom.
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Aginteg Twég omd to mapdderyuo Dvown Znuaoia

SSE = >"(y — yy)? 5.86891 AOQOLOUO. TV TETQOYDAVOY — TWV
opolMLdTmY

MSE = SSE/n 1.173782 Méoog tetpaydvov opdinotog

SST Y (y —%)?/n 205.7143 SuvoMrd GgBpowopo TETOOYDBVV.
Metpder ng Sogopés tov y omd Tov
uéco 6po

n (aeBuds netpioemv) 7

SSR (=SST-SSE) 199.8454

Suvvteheonic  mpoodopwopod  R? = | 0.971471 MeTpd Vv TodTTaL

SSR/SST ™S TaAVSQAUNONG

Méon nuy Tou X 38.71429

Méon i tou y 9.428571

Extipotuevy péon tug tov 'y 9.430243

Tomnn amdnion 1.083412

Iivaxag 2: Aelnteg AELOASYNONS TS TOLGTNTAS TS TEOCUQUOYTS.

IIPOBAHMA 9. "Eotw 6t 0 TaQardto mlivoxag ToQovoldiel Ty To Tt TV O1Xtiou 6To XoVIve didotnua
[0, 3] o¢ 41 woaméyovra onueic. Yroloyiote ta wohvdvupo fabuot 0 xaw 1 wov mpooeyyiCovy o dedousva pne
TOV ®ROAUTEQO TESMO. YToAoYioTE GAOUG TOVg delnTES YIO TA TOAVGVLIA oV Ba Pelte, 6mws 0To TAQAdELYUQL
1. Xonowomowmote 1o Excel oe dhovg cog tovg vmoroyiouovs. Kdavrte tn yoopuwr] mapdotaon 1oy onueinwv

OAG RO TV TTOAVOVUIRWV 0TO (010 Yoapixnd modBugo.

Snueia Aedopgéva
1 2.07458 | 1.78801 | 2.07548 | 1.97954 | 2.08945 | 1.63480
7 2.03053 | 1.74630 | 1.79267 | 1.42920 | 1.14101 | 1.32438
13 1.17944 | 0.93214 | 0.87631 | 0.80062 | 0.69002 | 0.79622
19 0.73527 | 0.60637 | 0.80011 | 0.95631 | 0.64858 | 0.95624 |
25 0.62853 | 0.55175 | 0.90018 | 1.00167 | 0.60299 | 1.05339
31 0.87300 | 0.99931 | 1.01089 | 1.11733 | 0.95633 | 1.15222
37 1.09389 | 0.86498 | 1.04563 | 1.11432 | 1.15554

AYXKHXH 5. Egvaoteite e Ioopinua 8 yia va Peeilte tovg notdhiniovg timovg xal vo vrwoloylioete
TOUg GUVTELEOTES Tou Tolvwvipov 20V Babuoyd mov mpooeyyiel Ta mapamdve dedopdva pe my uébodo Twv
ehaylotwv TeToaydvwy. Xonotpomojote To Matlab yia toug vmohoyiopots oag. Ymohroyiote to dBgoloud twv
TETQAYHOVOV TV dlapoodv. Kdvre m yooagun mapdotaon tov onuelnv dAld %ol Twv ToAVwviumy 610 (dlo

YoapS TapdHveo. &

AYKHXIH 6. Xonowomomote xardiinkes ovvapmoeis/diadnaoies tov Matlab, ou omoieg epaoudtovy v
nEBodO TV eACTWV TEQUYWVMV, VIO VO VTOAOY(OETE TOL TOAVWVVUO BaBrov 4 #al 8, ov mpoaceyyitouy Ta
moamdve dedopéva pe 1o BEATLOTO To0mo. Ymoloyiote Tol afpolopato Tmv TETQOYDOVOV TWwV JLAMOQMmYV, RO
OVYXRQIVETE P TO aviioTol o dbgolopna g mponyoinevns doxnons. Kavte ) yoopuxn med.otaor twv onuelony

OAMG %o TV TOAMWVII®MY 0TO (010 YOapIXs TapdBupo. &
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EITANAAHIITIKH AXKHXH. Twoa mov yvnpiCete dvo pacixés pedddovg(ITapepporn nan Ioooéyyion pe m
uébodo Ehaylotwv Tetooydvmv) ot TLg OLOPOQETIRES TEQUITMOELS TTOU TIS XONOUMOTOLOUNE, el0Te 0 BEon va
amopaoioete old HEB0do elval 1 RATAAMNAN YLOL VO TQOGEYYICOVUE TO TEOPIA TOV ROQLTOLOU OTO GXRITOO TNg
PWTOYQOUPIaS YWQEIS VO AMOUDCOVUE T YOQAXTNOLOTIRA TNG. Xonotwomouwjote €va mpdyoauno (ghostview, gs,
gv ... etc) yua vol POEITE TLG OUVTETAYUEVES TMV ONUELDY TOV TEOPIA. O TEETEL VA TNONOETE TN RA(UORA DOTE

vo. v aAAGEoVV oL avoloyies. &

Xynne 7. Boelte v mo ®atdAnin néBodo Yo Vo avostoQOOTHOETE T1) YOOUW] TOV TIQOQIA TOV ®OQLTOLOY

Odnyies mugddoong: Avote T 7 ACANOELS TOU TTEQLYQAQOVTOL HECO OTO PUALAdLo-onueldoels. [lapadworte
tov Matlab #ddwa, 1o agyeio Excel nal to xeiuevo ue 1a oyxoha oog uéow tov eClass. Ta Ipofhjuara gival

TQOOLQETLRAL.

KaA1 emrvyio.
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