KE®AAAIO 2

MH I'PAMMIKEY EEIXQYEIX

H advvapio exilvong g mhetoymeiog Tov pun YpopKOV eEI6DGEDV UE
avOALTIKEG peBddove, wbnoe otnv avdmtuén aplOuntikdv peboddmv yio
TNV TPOGEYYIOTIKY €MIAVON TOVG, m.Y. ovov(x) = x, nu(x’)-x-0.2 = 0,

I +3x —5x=0, x>0, .

§ 2.1 H uéBodogs oryotounong

H pébodog dryotounong Paciletor oto akdAovbo Osmpnua:

Ozopnpo (Bolzano): Eotw a,beR, a < b kot f(x):[a,b]—R eivar pia
ovVEYNC GLVAPTNOT oT0 KAEWOTO ddotnua [a,b/, pe fla) f(b)<0. Tote,
vrdpyel pio tovAdyiotov pila g e&iocwong f(x)=0 610 avolkTd ddoTnuo

(o,b).

Me yprion tov mapamdve OBewpnuatoc, oev yvopilovue av vrdpyovv
neplocdtepec TG pHiog pileg, ovte motla eivon 1 TR TOLG.

H p£6ooog:

Xopig mEPOPIGHO TG YeEVIKOTNTAG, Oewpodue pio  TPAYUATIKY
ocuvdptnon f(x), coveyn o1o KAEWoTO dotua [a,b/, o < b, pe fla)<0
kal f(b)>0. Eoto p pia pia g e&icwong f(x) = 0. Kataokevdlovpe pio
akolovbio mpoceyyiceov m , n =1,2,... mg piCog p wg e&fg:

Bnjpo 1°: Opilovue og apyikod didotnua to I; = [a,b] ko1 vroroyilovpe

a+b

my = , (1" mpocéyyion mg piag)

va gtvot To HEGOV TOV SGTNUATOGC /).

Bijpa 2°: YroloyiCovpe 10 mpéonuo g tpng f(m,). Av f(m,) = 0,
tote &yovpe Ppet pio piCo kot otapatovpe, oAlmdg cvveyilovpe 610
eMOUEVO Priua.

Bnpo 3° OpiCovue éva véo didotnua,
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L = {(a, my) otav f(my)f(a) <0
2 l(my, b) Otav f(my)f(a) >0

EVIOC TOL omoiov M ovvaptnon f(x) Kovomolel TIC GLVONKES TOL
Oeopnuatog Bolzano kot mg ek TovTOL LIAPYEL piot TOVAGYIGTOV pila TG
eElowong f(x) = 0 oto L.

Ia va Boope v 2" wpocéyyion m; g pilag p, emotpépovpe oto 1°
Brua kot emovorapPavooue to Prpata 1-3 Bewpdvtoc TALOV ®¢ apykd
didotnua 1o [, KA. Amodeikvoeton 6tito lim . m, = p.

e 2.1 MEfodos e diyordunanc

Eivow avepd 6t1 oe kdbe emavainyn tov Pnudtov 1-3, 1o €dpog tov
APYLKOV SLUCTAUATOS OTTOV VTTAPYEL I pila vTodumAactaletal, d10TL TO Eva
amd to 600 AKpa TOL VEOU SOGTHUATOS, LETAPEPETAL OKPIPMS 6TO HECOV
T0V oKPPOG TPONYOVUEVODL OOCTHUATOS. XVVERMC, HETA amd N
emavaAnyels tov Pnudtaov 1-3, to gvpog (ukoc) /(N) tov daoctiuatog Iy
etvau:

a
(N) =S5

Av Aowmov teppaticovpe ™ dwdkacio petd and N emavainyelc, dev Oa
gyovpe vmoroyicel v axkppn pilo p, oAAd pio TPoGEYYIo TG My.
Eme1on opmg kot o1 600 tpég p, my Oa Bpickovion evtoOg Tov S10GTHHOTOG
Iy (ndAoto n my eivon to pésov tov Iy), Ba 1oyvet:
IIN) b—a

2 2N

|5p| = |p_mN| <
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OV TPOPAVAGS efvat £val Gve EPAYLLO Y10l TO OTTOAVTO GOAALLAL.

Yvvnbwg teppatilovpe ™ dadikacio dtav 10 €HPOG TOV SUGTAHUATOS Iy
yiver pkpdtepo amd pio Otk mapdpetpo avoyng e. Oétovpe Aouodv

b—a
N

&l <e= <g
&

Kol ADVOVTOG TNV TAPATAvVE ovicmon o¢ tpog N mpocsdiopilovpe ek TV
TPOTEP®V TO TANOOG TOV ETAVUANYEDV TOV ATOUTOVVTAL, DOTE VO, EYOVUE
amotéleopo pe tnv embount akpifelo &

b—a

N > log, -

Oa Aéue 6T pion Ao elval oot o€ p deKAdIKE dTav TO CEAAUD. Elval
0.5x 107P.

Hapaoerypo 1 Eoto f(x) ovveyjc cvuvaptnon 610 kAelotd didotnpa
[a,b], o < b xon €6t OTL diveTor o akdOAovBog TivaKag:

x o | b | (a+h)/2 | (a+3b)/4

Ipoéonpo tov Twov fix) | — |+ — +

Na vrohoyicete pe ) pnéBodo dryotdounong pia pilo e eElomwong fix) =
0y N = 3 emavaAyeLg Kot VoL VTOAOYIGETE TO GOAAU, EQV b-a = (.4.

Avon

1" exavdinwn:

I° Brjua: Opilovue ¢ apyké daotnua to I; = (a,b). YroroyiCovue to
LEGOV TOL SLOGTNUOTOG /)

a+b

2
Bijua 2°: Ymnohloyiovpe zo mpdonmo g Twnig f(m,) . Amd OV
TOPATOVE VoK TIH®V £xovpe OtL f(m,) <0.

m = , (1" mpocéyyion mg pilag).
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Bijua 3° Yroloyilovpe 1o yvopevo Tov Tpociov g Tiung £ (m,) pe to
TPOGNUO TOV TIUOV TNG GLVAPTNoNG f 6Ta AKpo TOV OloTHUHOTOS /).
Enewon f(m,) f(b) <0, opiCovpe éva véo duaotnpa 1o

12:(“219 ,b).

2" emavdinwn:

I° Pijpa: Opilovpe og opyuké odetnpe T0 1, =(# , bj .
Yroloyilovpe To pécov tov dactipotog 1,

a+b b
5 TP a+3b

2 4

m, = , (2" mpocéyyion mg pilag).
Bijua 2°: YmohoyiCovue zo mpdonuo g tpng f(m,) . Amnd tov
TOPATOVE TIVOKO TIL®V £xovpe 0Tt f(m,) > 0.

Birjua 3° YrohoyiCovpe 10 ywopEVO TOV TPOGNHOL ™G TNG f(m,) pe
10 TPOGNO TOV TIUMV TNG CLVAPTNONG f OTA AKPA TOV SOGTAHUATOC />

Eneon f (aT-'_bj f(m,) <0 opiCovpe éva véo ddotnpo I3

13:(a+3b ’ a+bj.

4 2
3" emavainyn:
I’ Bijpa: Opitovpe g apyké Suictipa To 13=(a+43b , a;bj.

Yroloyilovpe 0 u€cov Tov dacTHUHOTOS I3

a+3b+a+b
m, = 4 7 :3a+5b,

2 8

N omoio TN m3, epdoov 1 3" emavainyn eivar ko 1 TeElevTaio, pog divet
NV mpoceyylotikn pila g e€lowong f(x) = 0. ['a o ceaipa Exovpe:
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b—a 0.4 1

|€P| = 2N 23 T 32

Hapaoerypo 2 No vroloyicete pe ™ péBodo dyotdunong ™
novadikn pila g e&iomong 2x +2 = €' 610 ddotnua (1,2). H dwadikacio
VO GTOUOTNGEL OTAV TO €VPOG TOV TEAIKOV OOGTNHOTOG YIVEL LIKPOTEPO
Tov 0.04.

Avon Epocov

b—a

1,1 < =5

30.04:2%30.04: 2" >25=1n(2")21n(25)

N21n25;4.64:>N:5,

In2

bpa ypelalONOCTE TOVAGYLOTOV 5 EMOVUAWELS, (OGTE TO GOAALN VO
yiver wkpotepo tov 0.04. Iapatnpovue 0T f(x) = 2x+2-¢" «an f{1) = 1,
f(2)<0, dapa vrépyer pio TovAdyotov pila g e€lowong f(x) = 0 oto
avoikto dwdotnua (0,1).

1" exovdinwn:

I° pijpa: Opilovpue wc apykéd drdstnpa to I; = (1,2). YroroyiCovue to
HEGOV TOL dLOGTNHOTOG /]

Bijua 2°: YrohoyiCovue o mpdanuo g TUNG
f(1.5)=215+2—-¢""=3+2-4.48169<0.

Bijua  3° Ymoloyilovpe TO YWOUEVO TOVL TPOCHUOVL TNG TIUAG

f(m)=f(1.5) pe 10 TIPOCNUO TOV TIUDV TNG GLVAPTNONG f GTA GKPO TOV

dwotnuatog I;. Eredn f(1.5) f(2) <0 opilovpue éva véo ddotnua o:
1,=(15,2).

2" emavdinwn:
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I° prjpa: Opilovpe o¢ apykd daotnpe to I, = (1.5, 2). YroroyiCovue
T0 LEGOV TOV ST LTOG />

1.5+2:1'75.

m2=

Bijua 2" Ymoloyilovue 70 TPOGNUO ™me TIUNG
f(1.75)=3.5+2-5.7546 < 0.

Bijua.  3° Ymoloyilovpe TO YWWOUEVO TOVL TWPOCHUOL TNG TIUAG
f(my)= f(1.75) pe to TPOGNUO TOV TILOV TNG cLVAPTNONG f ot dxpa
tov Jdwotiuatog . Emewdn f(1.5)f(1.75)<0 , opiloope éva véo
dwotnpa I3

I,=(1.5, 1.75).

Yoveyilovrtog pe TOV 1010 TPOTO, eKTEAEOTE TIC VEOAOwmES 3
EMOVOMWELS KOl OLOTTIOTMOTE OTL 1] TPOSEYYIGTIKN pila givon 1 ms=
1.67835.

§ 2.2 Ernavainnrikég uébooor. MéBooos Newton-Raphson

Kabe e&icmwon g popeng f(x) = 0, umopel va ypoapel 16000vapa ot
HOpOY X = @(X) pe TOAAOVC TPOTOVC. e TETOEC TapaoTdoels PacilovTan
o1 AeyOuEVEG emavVOANTTIKEG LEBOJOL.

Opropdg 2.2.1 'Eva onueio x* tov nediov opiopon piog cvvapmong ¢
Kadeitar otafepd onpeio g, av woyvel p(x*) = x*

Y115 emavoAnmTikég pebodovg, ypdpovpe v e€locwon f(x) = 0 otn popoen
X = @(x) wou Eexvovtag amd pio apykn T Xy, vroAoyilovue pio
akoAovBio mpoceyyicemv evoc otabepov onpeiov g ¢ amd T oyéon X,
= @(x,.7). Av howmdv x, — x* kail ov n ¢(x) eivar cuveyng oto onueio x*
161€ TO X * glvon otafepd onueio ™ ¢. [payuoarti:

x*=lim,  x, =lim,__ o(x,_)=¢(lim,__ x, )=p(x*).

Yropln wor uovadixkotnra crabepotv onuciov

Ocopnpa 2.2.1 Eoto ¢:/a,b]—[a,b] cuveync Tpoyuatiky cuvapTnon
TETOL0. OGTE:
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vrapyer 0<C<1: [p(x)-p(y)| < C |x—y| Vx,y€la,b],

(plo. €Ol cuvhptnon KaAeitol e6veTodn), TOTE M cLVApPTNON @ EXEL
Hovaodikd otalepd onucio x*. EmmAéov, Yoo omolodnmoTe apyikn TIun
xo€[a,b], n axolovbia x, pe avadpopIKd TOTO X, = @(X,.;) GUYKAIVEL TPOG
10 x* . Téhog, yia kdBe eLGKO apOUd 1 1oYVEL:

|x, —x* < C |x

—x*|. 2.1)

n-1

Taén avyriionc axolovliog

H oyéon (2.1), vrmovoel O6t1 n axolovbio x, ovykiivel (tovidyicTov)
ypouuikd 610 otofepd onueio x* g ¢(x). I'evikdtepa, Bo Aépe Ot M
ovyKiion givar (tovidyietov) talng p, p > 1, av woydet

|x, —x*| < C |x,_, —x*", 710 k40 puoiKd apOuo n.

n-1

Ilpocdiopicuoc tnc taénc cvyKiionc uioc axoiovliac

[Ma Tov Tpocdropiopd g tééEng cvykiong tag akoiovdiog x, mov givol
yevikd pio. SOGKOAN vToBeT, TOAD YpNGIHo givar To akOAoLOO:

Ocopnua 2.2.2 Eoto 611 x, # x* yo kGOe uokd apBud n kot £6T®
OTL 1oYVEL:

161E M TAEN cVYKAMONG TNG aKoAovBiag x, etvon akpifag p.

Ag vmoBécovpe tdpa 0Tl MALOV TV VTOBécE®mV TOL BempPMuaTog
ovotoAg 2.2.1, €yovupe OtL M ovvaptmon @(x) eivor  gvveywe
ropoywyiown oto [a,b]. Tote, amd 10 Osdpnuo p€one TWUNG TOV
SPoptkoH AOYIGHOV, LITdpPYEL TIUN &, LETAED TOV X, KoL X:

X, —x* = o(x,)-o(x*) = ¢'(&)(x, —x*).

Epbécov x, — x*, Ba woyvel 011 &, — x* ko Aoyw cuvéyelag e ¢ (x)
EYOVLLLE:
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lim Xy =X _ o(x*).

n—»0
x, —x*

!

Av dhowmov 0 < | (x*)‘ <1, 10t M T6EN oVYKMONG mov TopdyEl M

emavoAnmTTikn péBodog x, = @(x,.;) elvor axkpBag éva. T va whpovpe
Aowov  emoavoAnmrikég uebodovg x, = @(x,.;) pe 14N ovyKhMong
peyoAvtepn tov 1, Oa mpénel va avalntnoovpe puefdoovE yia T1g omoieg
1oy 0EL

¢'(x*)=0.

Mia tétown eivar ko n péBodog Newton-Raphson mov Qo avamtoovpe
GT GUVEXELO.

Hapaderypo 3 Eoto mpaypotikny cvvapmon f, té€town ®ote x* eivan
anAn pila e f(x) = 0 ko m [ elvar 0VO QOPEC GLVEYDS TOPOY®YIoIUN
o€ uia meployn tov x*. Na derybel 6t 1 emavainmtikn pébodog

o =x — &)
J'(x,)

OVLYKAIVEL 0TO X * KoL VoL VTOAOY1IG0el 1 TAEN chyKMong.

f@)
/()

Avon Oeopodpe TV EMOVOANTTIKY HEB0O0 X = ¢(X), OOV @(x) = x—

[Tapaywyilovue kot Bpickovpe:

_ ")
(f'(x))

?'(x) = ¢'(x*)=0,

dpa vrapyet pia meproyn I tov x* 1é€t010 doTE | (x) < C <1, OMOTE

lp(x) =W @' (D) [ x—yI<Clx-y|, x,yel,
omote and to Bempnua 2.2.1 ™S cLGTOANG N P(X) ExEL LOVAOIKO G6TadEPO
onueio x*, ko n akorovBia (x,) pe avadpoukd TOTO X, = @(X,.;))— x ¥

n—0,

o va vroloyicovue v TdEN ovykMong Ba ypPNOLLOTOU|COVUE TO
Oedpnua 2.2.2. Ao tov tomo tov Taylor pe kévrpo 1o onueio x* £yovpe:

31



F00)= 4+ £, —x%) +@<xn SV & € () i1 6, € (3,)

') =)+ (), —x%), e (x¥,x,) 0 &, € (x,,x%)

AvtikoBiotodpe T TWES  f(x,),f'(x,) OTOV  OVOOPOUIKO  TOTO

S(x,)

=x, - , KO TOipVOLLLE:

X
n+l n f,(x”)

S+ £, —+ L) 3, -y
£+ £, %)

9

P, -+ L5 oy
£+ f1E ), — )

xn+l - x* = ('xn - x*) -

2 frr((fn')_ f";?n)
LG+ f1(E ), —x)

X, —x*=(x, —x%)

X 1_X* _f”(x*)

Gpa: lim ot

(x2S ()

#0, apa n taEn cvykAiong tvon 2. [

H uébodoc Newton-Raphson

H pébodoc Newton-Raphson Baciletatl oto axdiovdo:
Ocopnpua 2.2.3 Eoto pia mpaypatiky covaptnon f(x):

() M f(x) eivan dvo @opég mapaywyicwun oto dwotnue [a,b/, pe
f'(x), f"(x) # 0 yuoxabe x €/a,b] ,

B S f(D)<0,

tote vmhpyert povadikn pilo x* g eflowong f(x)=0 oto avolKTtod
dwotnua (a,b), n onoia givor To Op1o TG avadpokng axoiovdiag:
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OOV TO OPYIKO GNUELD Xy TNG AVOOPOUIKNG GYECNG EKAEYETAL ETCL DOTE
S (x) f(x) > 0.

Améoelln Amo ™ ovvOnkn (B) xor TV TopoyOyIGLOTTO NG f(X)
npokvntel 0Tl N e€lowon f(x) = 0 €xer pio Tovddyotov pila x* oto
avolktd dwommuo (a,b). Eeocov o f'(x)=0 via «dbe xe/ab],
TPOKLITEL OTL 1] GLVAPTNOT f(X) €lvan Yvnoimg povotovn oto [a,b/, dpa n
pilo x* etvan povadikr. Xowpig mepropiopd g yevikoOtnTag vrobETovpe
ot fla) < 0, dpa n f eivar yvyoiwe odlovoa. Emmiéov, €otm  X):
f(x,) >0, tote and w ovvOnkn f(x,)f"(x,) >0 mpoxvmrel OTL
f"(x,) > 0 xou epdoov oyvel f(x) # 0 yu k6be x/a,b] B Exovue
f"(x) > 0 vy k60e x €/a,b], dnNhoadn N feivonr kvpth 610 [0, b].

f(xn—l)
f '(X,H)

Oempolpe Tpo TNV axorovdia x, =x, , — , n=12,..

Me tn pébodo g eraywyns o deiovue ot1 n (x,) eivour kAtw ppoyuevn
ano ™ pio x*.

AoV N f (x) elvan yvnoimg avéovoa ko f(x,) > 0= f(x*), npoxdntel

Ot x, > x *.YnoBétoope Ot x, > x*, Oa dcifovpe Ot x,,, > x*. And 10

n+l

avamtoyuo Taylor g f(x) pe kévtpo to onueio x, £yovpe:

1= 1)+ 7))+ L g (),
omoTE Y x = x* &yovpe:
0= 1) = £+ £ () (# ) + Lo e ()

apa. f(x,)+ f'(x,)(x*-x,)<0,
(apoV vroBécape 0TI N f elvorl KLPTN) Kol KAVOVTAG TIG TPAEELS TaipvoLLe

S
()

* *
>x*=x,, >x*.

Apa 1 akolovBia (x,) elvor KAT® @paypévn.
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Ao ™V Tapamdve avicdTnTa Kol TN povotovio g f 1oydeL 0Tt
f(x,.)> f(x*)=0 yio kdbe n

apoa:

xn = xnfl o f;(x”_l) < xnfl T Kdeg n,

f (xnfl)
dniaon n akorovbia (x,) eivor yvhoiws plivovoa. Apov elval Kol KAT®
Qpoyuévn cvykAivel og Evav aplBud x . Tote:

imf(,) _~ —  f@

limx, =limx,_, — =>X=X-— = f(x)=0,

limf’(xn_l) limf'(xn—l)

dpa To 6pro NG akorovbiag x, eivon  povadwkn pila g e€lowong f(x) =
0. [

IHopwopa 2.2.1 Mg tic npoimobéoelg Tov mponyovevov Hempruatoc,
TO GOAALO KATA TNV TPOGEYYIoN TNG HoVadtkNg pilag g e&icwong f(x) =
0 pe ™ péBodo Newton-Raphson amd tov 6po x,, divetar amd 1 oyéon

2
xn - ‘xn—l

b

X, —x*‘éﬂ

omov m=min__, | f(x)], M =max . | f"(x)].

Anéoelln Eotw x* n povadwn pila g eélowong fix) = 0, and 10
Oempnuo LEoNC TIUNG TOV SLPOPTIKOD AOYIGHOV 1GYVEL:

SN~ fx)=1"(c,)(x*-x,), ¢, e(x.x,) ,
apa 0— f(x,)=f"(c,)(x*-x,) , cvvendg:

PACHIPINACAHIY 2.2)

ST m

e

n

omov m=min__,,, f'(x). An6 10 avémruypa Taylor g f(x) pe kévipo to

onueio x,_; £xovue:
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)= 1)+ () (x—x,4)+

2
OTOTE Y10 X = X,, £YOVLLE:
1= 160 £ ()5 ) + LB e (n,0m)
_J "(5")(xn -x,.), (2.3)
2
_ S(x,)

:f(x"—l)-i_f,(xn—l)(xn _xn—l):()'

ot x, =x, |

f’(xn—l)

Avtikafiotodue v (2.3) oty (2.2) kot Taipvoope to {ntovuevo. [

T'souctpixn epunveio

H yeopetpwn epunveio e pnebddov yivetar cagpng pe m Ponbeia tov
aKkdAoVOOL oYNUATOC:

Zynpa 2: H pébodog Newton

Eoto x, =x, —% n 1" mpocéyyion g pilag oty 1" emavainyn. H
0

eElomon g epamtduevNg TG cvvapTNoNG f(x) oto onueio (x;, f(x;)) elvar:
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y=f(x)=f'(x)(x-x).

H epantopevn gvbeia tépvel tov déova tov x o€ £va onpeio x; to omoio
vroAoyiletan edkora av BEcovpe oty e&icmon g epantopevng evbeiag
y =0, x = x,, onote Ppickovpe:

_ S(x)
: f'(x)

b

X, =

N omoia eivon akpP®dg 1 avadpouiky] oyéon Tov Oswpruartog 2.2.3 ywo n
= 2. Xvveyilovtog, SlomoTtdVovpE 1 KAOE EMOUEVT] TPOGEYYION X+ EIVOL

TO OTMUELO TOUNG TNS YPOPIKNG TOPACTACNS TNG EPATTOUEVTG TG f(X) 0TO
onueio (x,,f(x,)) ne tov d€ova twv x.

Hapaderypo 4 No mpooeyyioBei pe m pébodo Newton — Raphson 1
novadikn piCa g e&icwong 2 x - ¢~ = 0 oto avoiktd ddotnua (0,1) yo
N = 3 emavoAyelg kot vo, bToAoy160el To Gedipa e nebddov.

Aven Opilovpe f(x) =2 x - e”, ka1 vroroyifovue
fl(x)=2+¢e", f"(x)=—€"".

[pogovac f'(x), f"(x)#0 yia xabe xe(0,1), f(0) = -1, f(1)=1.63212,
dpa tKavomolovvtal ol Tpovmodécselg Tov Aempuatog 2.2.3 Kol GLVETHG
vdpyel povadikn pilo g e&icwong f{x) = 0, n omoia eivon To 6p1O TNG
AT S

f (‘xn—l)

avodpopkng akorovbiog x, = x,

Emiléyovpe og apykd onpeio ekkivnong to xp = 0, N xp = I (évo anod to
dvo dkpa TOL Opykov Olactnuatog (0,1)) Pdaost g cvvONKNC
f(x,)f"(x,) >0 tov Ocwpnporog 2.2.3. Eivar e0koAo va det kavelg 0Tt

f(0)f"(0)>0, evo £ (1) f"(1) <0, dpa
X0 = 0.

1" emavdinwn:

S _ SO, -1 1

TR o 2

2" egavdinun:
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1
13
_SG) 1 TA3) 5351689,

X, =X, p = 3 - 1
f'(x) f,@

3" emavdinwn:

. S (%) _ 351689 S (0-351689)
S(x,) £'(0.351689)

=0.351734,
N omoia glval Ko 1 TPOGEYYIGTIKY TIUn ™G piloc.

To oedipa vroroyiletar amod o [Topopa 2.2.1 yion = 3:

2
s

M M

X, — *_—xS—xzzz— : -0.

|, — x| < — | 10.351734-0.351689
2m 2m

J'(x)

OmMov m =min__,, , M =max | f"(x)|. Enedn

m=min, | f'(x)}=min,,, (2+e")=2+e" =236788,

- 0
M =max f"(x)‘ =max e T=e =1,

&xovpe: |x, —x*| 1 3 0.351734-0.351689]" =4.27598 107",

<—
223678

Hopatipnon: Eivor cogég amd n puébodog Newton — Raphson givar
E01KN TEPITTOOT EMOVOANTTIKNG UEBOSOV TG HOPPNS X, = @(X,.1), OOV
1 GLVAPTNON ETAVAANYNS EivaL TNG LOPPNC:

)
p(x)=x f’(x) .

S
(7))

x* am\q pila g e&icmong f(x) = 0), mpokvmtel 6Tl @'(x*)=0 , Gpa 1M

Eneidn ¢'(x) = pe v npobmdHeon ot f '(x *) #0 (dniaon
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14EN ovYKAIoNG givan peyaAvtepn tov 1. oto Oesmpnua 2.2.3 gidape 6t 1N
GUYKALOT €lval TETPOY®VIK.

Tevikevon tyc uclodov Newton-Raphson cg cvootiiuora eE1606£0Y

S(x,y)=0
g(x,y)=0"
ocuvaptnoelg 000 peTaPfAntov kol ot (x*y*) pla Adon  tov.
YrnoBétovtag 011 oe plo meployn Tov TESIOL OPIGHOL VLEAPYOLVV Ol
deVTEPEG LEPIKEG TOPAY®YOL TV f,g Ko glval cuveyeic, £xovue amd To
Oehpnua Taylor yio cuvaptoELg TOALDY LETAPANTOV:

0zf(x*,y*):f(x,y)+%(x—x*)+%(y—y*)+0((x—x*)z+(y—y*)2)

Atdetar 10 cvoTnUo €£lCOGEMV { OOV f, g TPOYUATIKEG

d 0 > 2\
0=g(x*,y*)=g(x,y)+§(x—x*)+§(y—y*)+O((x—x*) +(y—»%) )

[Tapaieimovtog TOVg TETPAYOVIKOVS OPOVS YPAPOVLLE:

o(xy) I(xy)

ox oy (X—X*j ~ _(f(x,y))
dg(x,y) dg(x,y) \y—»*)" gxy))

Ox Ox

Odnyovpacte Aowmdv vrd kotdAAniec mpodmobécels (N 1okmProvn
opilovca givor dtdpopn Tov UNGEVOS Kal X, ¥ OpKETE KOVTd oto x*, y¥),
o€ pia emovoinmtiky] péfodo g Hopenc:

of (x,,y,) °f(x,y,)
Ox oy (xm —xn]z_(f(xn,yn)j
0g(x,,v,) 0g(x,,y,) \Vur—».) &,

ox Ox

OOV HAAIGTA 1 GVYKAON EIVOL TETPAYWOVIKT).

§ 2.3 Mé0ooos téuvoveoag (secant method)
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H pébodog Newton-Raphson amoutel yvoorn g f1x). v mepintoon
oL 1M TAPAY®YOG OV givol yvwotn M €ivar d06KoA0 v vTOAoY1GOEL,
Katoapehyovpe cuvinbme otn nEBodo ¢ Téuvovsag.

Ag Bewpnioovpe Tov avadpoptkd Tomo g pebddsov Newton-Raphson:

f(x,)

——= n=0,1,..

X, =X ,
n+l n f!(xn)
Kat ag Bounbovpe 611

f(x+h)—f(x)
(x+h)—x

f(x)= , h uikpo.

Mo x =x,, x,+; =x, + h, &ovpe:

f’(xn) ~ f(xn+l)_f(xn).

n+l n

Av dowmdv otov avadpopikd tomo Newton-Raphson avrtikatacstioovpe
avtl g mapaydyov f(x,) , 10 8e&0 péLog TG TAPUTAV® 1GOTNTOG,
TpokVOTTTEL N nEB0O0G TG TEUVOVGOG

B f(x,) (xn _XH)

X +1 n s
’ fx) = f(x,0)

9oy

N omoia ypelaleTan TPOPUvMS VO apylkés cuvOnKes xp,x;. H puébodog
Baciletan oto axodrovbo:

Ocopnpua 2.3.1 Eoto pia Tpaypatiky covaptnon f(x):

() M f(x) eivan dv0 @opég mapaywyicun oto dwotnue [a,b/, pe
(%), f"(x) # 0 v k&Oe x €/a,b] ,

B ) f(D)<0,

tote vmhpyer povadkn pilo x* g eflowong f(x)=0 oto avolKTtd
dwotnua (a,b), n onoia givor To 6p10 TG avadpokng axolovdiag:
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_ S(x,) (xn _xn—l)

X +1 n >
' flx) = f(x,2)

geeey

OmoV G apyKd onueiol XpX; TNG OVOOPOUIKNG GYECNG UTOPOLV Vva
BempnBovv Yo evkoAia Ta dKpa TOV SOGTHUATOS (a,b), AN Xy = a ,
145

x;=b. H t4&n ovykiiong g pebodov sivan p = =1.62.

I'poagikn exiivon

Xy //:é i,

Yympa 3 H pébodog téuvovoag

Moapdaderypa 5 No tpoceyyiobet pe ™ pnéBodo tépvovcag pio Tpoceyyion
™mg V3 610 avowktd dwaotnua (1,2), yiu N = 3 emovolyels.

Aven Opiovpe f(x) = x° - 3 xat gpdcov f'(x), f"(x) =0 Yo kdOe
xe(l,2), (1) = -2, f(2) = I, wovomowvvtol ot TPodToBEGELS TOL
Oewpnpotog 2.3.1 Kot cuven®g vdpyel povadikr| piCa g eicwong f(x)
= (), 1 omoia elval To 6p1o ™G aVadPOKNG akoAovBiog

_ f(x,) (xn - 'xn—l)

X +1 n 4
’ fx) = f(x,0)

geee

ExAéyovpe xp = 1, x; = 2 (10 600 dkpa Tov 0pykov ductnuatog (1,2))
Kol vrroAoyilovpe

1" egovdinwn:
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Xz :Xl _f(X1) (xl _XO) :2——f(2) (2_1) :2—121.6.
Sx) = f(x) f@-s 3

2" egavdinun:

3 2

_f(x2) (xz_xl)_l g_f(lg) (1'6_2)

=1. — =1.72727.
S ()= f(x) JA.6)=f(2)

3" emavdinwn:

_ 1.72727) (1.72727-1.6
NG (5=3) | 1o I ) ( )

S x)=f(xy) f1.72727) - £(1.6)

=1.73214,

N omoia elvat Kai n TpoceyyloTikn Tiun g piloc.
AAYTEX AXKHXEIX

1. Afvovtat ot cvvaptiicec: (o) fix) = e™ +2 x+ 1, xe/-1,0],

B) gx) =2"-5x+2,x€/0,1],
() h(x) = x*-x-1, xe[1,2].

A. Apov deiEete O0TL KABe pia amd TIC AVOTEP® GLVOPTNGELS £XEL
povadlky,  mpoypotiky  pife ota  avrtiotoyo  OlacThiuoto, Vo
vroAoyicete pe ™ uéBodo dryotounong pio mpocéyyion g pilag y
Ké0e pio €€ avTOV, OGTE TO GEAANLN 0O TNV akpiPr] Tun g pilag va
elvan pkpotepo tov 0.06.

Anavtnon:

(o) N = 6 emovolnyeig

{m; =-0.5 my;=-0.75 m3 = -0.625, my = -0.6875, ms = -0.65625, ms=-0.64063}
(B) N = 6 emavalnyeig

{m;=0.5, my=0.75, m3=0.625, my=0.6875, ms=0.71875, ms=0.73438}

(y) N = 6 eravolnyels

{mp=15 my=125 m3=1.375 my=1.3125 ms=1.34375, ms=1.32813}
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B. No vmoloyicete pe m péBodo Newton-Raphson pia mpocéyyion
mg piloc vy kaBe pio amd Tic cvvaptioelg (a)-(y), yiu N = 4
EMOVOANYELG KO VO DVTOAOYICETE TO COAALLOL.

Anavtnon:

(@) {x9="0 x;=-0.5 x;=-0.634471, x3 = -0.639227, x4 = -0.639232)}
le| <1.11699 107"

(B) { x0=0, x;=0.69656, x; = 0.73212, x3 = 0.73224, x,=0.73224)}
le|] =0.

() {xo= 2., x; =1.54545, x,= 1.35961, x3=1.3258, x,=1.32472}

le| <0.00001.

I'. No voroyicete pe ™ pnébodo tépvovcag pia mpocéyyion g pilag
v kéOe pio amd t1g cvvaptoelg (a)-(y), Yo N = 4 eTavoAnyELG.
Amavtnon:

(o) {xg=-1,x; =0, x2=-0.69816, x3 =-0.64981, x,=-0.63910, x5 = -0.63923}.
B) £xo=0,x1=1,x2=0.75, x3= 0.7317, x4 = 0.73225, x5 = 0.73224}.

() fxo=1,x;= 2, x2= 1.16667, x3= 1.25311, x;= 1.33721, x5 = 1.32385}.

Ynucioon: Ov mpalelg vo yivovoy pe otpoyyvlomoinon oto 5°
deKAOKO ymoio.

’ , . . f(xn) 1
2. No dsiybei 011 £€00doc: =x, ———"____  ovuyKiivel
X Tl u g xrl+ X, f(xn)—‘rf'(xn) ’Y

TETPOYOVIKA.

Ynéoen: Onwg oto mapadstypa 3 oel. 31.

xﬂ

2

/4 r I4 1 5 4 r 4
3. Aci&re 60t 1 axorovbin Ee( j n=1,... cuyKAivel kol 0 Oplo

n+l

¢ Ppioketal oto [0,1].
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x/2

Ynooeln: Acite 011 1 (p(x)z%e
2.2.1.

elval ocvotodn], PAéme Osodpnuo

4. Eot® a,=2+v2+..+2 , n = [12,.. Xpnowonoiwvros o

KATOAANAN emavoinmriky pébodo, oeite Ot lima, =2 . Emiong
deite OT1 lim %22 =2 1
a, -2 4

5. Atveton n emavoAnmrikn péBodog

X, =X, +/1(x,f —3), n=0,1,2..

(o) Na Bpebel dtdotnuo TV TG TOPAUETPOV 4 MOOTE N EMOVOANTTTIKY
1éB0Jd0G Vo GLUYKATVEL.

(B) Na Bpebet n tiun tov 4 ®cTe 1 GUYKALOT VAL €ivol TETPAYOVIKN.

(v) Eivar n péBodoc Newton-Raphson mo amotelespotiky pébodog amod
OLTIV TOV AVTIGTOLXEL Yo TNV TIUY| ToL 4 Tov Ppébnke oto epdTNUA (B);

6. Ecto f{x) = x (x-2)°, 161€ va emAéEete Kat va papUOGETE TNV TAEOV
OMOTEAECUOTIKT)  HOpON TS HeBddov Newton-Raphson vy tov
Tpocdloptopd ¢ pilag x = 2 yioo N = 3 gmavolqyels. Tlowa n téén
OUYKALONG;

7. Atvetar 10 ovotnua e€ichoewv: {f(x,y)=0, g(x,y)=0}, OmOL

f(x,y)zl—x—yzm)v(%j Kot g(x,y)=e™ +5qu(zx)-2. EQappoote v

puébodo Newton-Raphson vy ovomjuata eicovcewv  ywoo N=3
EMOVOANYELC.
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