KEDAAAIO 3

APIOMHTIKH EINIAYXH I'PAMMIKQN
XYXTHMATQN

§ 3.1 O adyopiBuog Gauss

Eotw n = 2,3,..., ue tov 6po YPOUMMKA GLUGTAUATO XA , EVVOOVUE
CLGTNHOTO 71 EEICMGEMV UE 71 0YVAOGTOVG TNG LOPPNG:

a,x, +..+a,x, =b

ayx, +..+a,x, =b, G.)

a,x, +..+a, x =b

nn--n n

omov x;, i = I,..,n, glvan o1 dyvworor opoi, o;;, ij = I,..,n glvar ot
OVVTEAETTES TV AYVAOOTOV OpwV Ko b, i = 1,...,n givan ot arabepoi dpot.
To cvotua (3.1) propetl va ypagel pe tn Loper| TVAK®V ©C EENG:

Ax = B,
OOV
ay i,
A= :
a a

elval o wivarxag otiin TV etalepdy opwv.
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Eivar yvootd omd ™ ypoppkn aAyePpo, OTL wKavéG Kol avoyKoieg
ocuvOnkeg ®ote 10 ovotnua (3.1) va €yer povadikn Avomn eivar ot
axdAovbec:

e O mivakag 4 tvar avTioTpEYLHOG.
e H opiCovoa tov wivaka A ivar 616popn Tov undevoc.
e Ot ypoupéc o1 oTNAEG TOV Tivaka A elval Yok oveEAPTNTES.

e To avtictoryo opoyevéc cvomua Ax = 0 €l ©G HOVASIKN
AOoM TNV UNOEVIK.

Av éva cvomnuo £yel povadikn AOGN, TOTE Y10 TOV TPOGIOPIGUO OVTNG
vrevhopilovpe tov kavova tov Cramer:

3 Det(4,)
i Der(4)

,i=1,..,n,

omov A; eivar o mivokog oLV TPOKVTTEL, OV OVTIKOTAGTI|COVUE TNV i-
OTHAN TOL Tivaka 4 pe ) oA TV otabepdv dpwv. Evag dAlog TpoTOC
etva:

x=A"B,
omov A~ eivar o avticTpopog Tov mivoka 4. INUEIOVOVUE OU®G OTL KO

ot dVo mapamdve Tpdmol eival VTOAoyloTiKd acvu@opot. ['a v emiAvon
pe t pébodo Cramer amortovvror (r +1)! +n molamAaciocuol, EVo yio

TV eMIAVGT HE TNV EVPECT] TOV OVTICTPOPOL Tivoko A, AVAYOUACTE
oTNV EMIAVGY €VOC GUOTALOTOC HE A° AyVAOGTOVS, 1 1GOSVVOUL GTHV
EMIAVOT 1 YPOUUIKOV GuoTUdTemV pe tov idto mivaka 4 kor évav
noAlamAaclacud ent dtvoopo. Eivar cagéc 6t yuo peydio n = 100,
1000 k.\.7t., TO VTOAOYIGTIKO KOGTOG YIVETOL ATOYOPEVTIKO.

O ovvnbéotepoc TPOTOC eMIALONG TOV GLOTHUATOV CVTOV, &lval o
alyopiBpoc tov Gauss, o omoiog meprypdpetal amd o akdAovOa Priptota:

Bijua 1° : opilovpe tov emavlnuévo mivaka TV GUVIEAESTOV KoL
otabepdv Opav, didotaong nx(n+1):
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a, dp a,, | b]
4 = ay Ay a, | b
. : | :
anl anZ ann | bn

Bnjpo 2°: Zekivdvtog TavTote ue 0nyd otoyeio to 1° oroiyeio e kvplog
draywviov, Aadn to a;;, ektelodpe pia Tpdén peta&d e 1™ ypoupng
Kol kdOe piog amd TG emOUEVES YPOUUES, £T01 DOTE OAG TO. OTOLYELO. KATW
OmO _T0 _00NY0 otoiyeio vo. undeviCovror. Metd 10 mEPOG TOL PHUOTOC
avto0, 0 VEog emavénuévoc mivakag Oa £xel T LopON:

a, 4, - q, | bl

0 e | B
L RO
2 2 2

0 a) ay' | b?

O mapoamdve Tivakoc, TPOKLITEL Ao TNV TPAén (i = 2,...,1n):

. , a, , . ,
(i ypoyyy tov A, (1)) = ==L (1" ypogys 100 Aer) + (i ypauur} To0 Aez).

all

Bnpo 3°: ZvveyiCovpe ) dradikacio, EEKIVOVTOG TOPO e 00nYyd oToLyeio

10 2° groiyeio e Kvplac dioywviov tov mivaxa A, (1), dnhadf 1o aly,

Ko ektelovpE pia Tpdén petaéy g 2™ ypapung kot ke piog amd Tig
EMOUEVES YPOUUUES, ETOL DTTE OO TO. TTOLYEIO KATW OO TO 00NYO TTOLYEI0
vo. unoeviCovroa. Metd 10 mépag Tov Pripatog avtov o vEog emavENUEVOg
nivoakag 0o £xel T popon:

a, a, a; - @, | b
2) (2) (2) (2)

0 yy Gy 0 4y, | bz
— 3) 3) 3)

A, (2) =0 0 a3y - a | b
3) 3) 3)

O 0 an3 T ann | bn

O mapoamdve Tivakac, TPoKLITEL Ao TNV TPAén (i = 3,...,1n):
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(2)
i2

(i ypoj rov A (2) = _F 2" ypayyi tov A, (1)) + (i ypapyry tov A, (1)).
2

Yvveyilovtag pe Tov 1010 TpOTO PETA amd 1 PILOTO KATOAYOVUE GE Evav
EMAVENUEVO TTIVOKOL LLE TPLYOVIKT] LOPOT:

a, a, a; - @, | b

2) 2) (2) (2)

0 Ayy Ay 4y, | bz

_ 3) 3) 3)
Am(”)_ 0 0 a3 - ay | b7,

0 0 0 a | b

N omoio emTpENEL Vo, LTOAOYIGOOVV 01 ADGELS e TN dadikacio TNG mTPog
0 Mo avikatdotaons. Aniadr, ard v e€iocwon:

m . — pm
a’ x =b",

nn

vrmohoyiCovpe 10 X, KA. Av coufei @’ = 0 xku bW =0, 1018 7O
cvouo &gl Gmepeg Aoelg, evd av a' = 0 k. b =0, 1618 T0
cvuoTnua givol advvaTo.

Amoutovuevec Tpaceic Kol uvnun

Y10 2° PAuno g pebddov Gauss yio TOV LITOAOYICUO TOV oTOLYEI®V

;.2), i,j=2,...,n amatovvtat (n-1)+(n-1)° npaéeis. Evkoda PAémovpe Ot

ota (n-1) PApato g peboddov amartovvIot:

a

1 3
(n=i) +(n—i)=2"L
i=1 3

n—

npacels. Emmiéov yperdlovion
(n—1)+(n—2)+...+1:@

mpaelg Yoo tov vrohoyiopd tov b, i=2,..,n Kol GNUEIDVOVLUE OTL
Katd 11 ddikacio g tpog Ta micm omsfodpounong ypetdlovtal
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n(n+1)
2

1+2+...+n=
: : 0 +3n'-n : : ,
Tpacelg, ONAOY GLVOAIKA — s Tpacels, KO6T0g dNAAST TOAD

piKpOd o€ oxéon pe 10 kO0otog tov nl(n—1) npaemv mov amortovvTal

otov koavova tov Cramer. Ocov a@opd T MvAUN, opkel va
/ ’ ’ 2 . ,

arofnkevoovpe ta otoyeio Tov mivaxka A oe n” B€oelg pvnung Ko to

otoyeion Tov mivako b oe n Béceic pvqung. EmumAéov pvnun odev

ype1dleTar, S10TL 01 TOAAATAAGIACTES il i=2,....n (PAéne Ppa 2) Ba

a
11
katordfoov 1t Béon tov otoyeiov a;,j=2,.,n mov 6Oa yivouv

UNOEVIKA KA.
Hapdaderypo 1 Na emdivbei pe ™ pébBodo Gauss 1o cuoTnuaL:

Ox, +3x, +4x, =7
4x, +3x, +4x, =8.

X +x, +x,=3
Avon Opilovpe tov emavéEnpévo mivaka:
3
3
1
1° friypa:

[o] 3 4 | 7
4,(1)=| 0 5/3 20/9 | 44/9],
0 2/3 5/9 | 20/9

omov 1 1" ypappn tov mivaka A, (1) mopapéver avarioiom,
. 4 . .
(2" ypoyuij tov A4, (1)) = - (1" ypouun tov A,) + (2" ypouus tov A,y),
1
(3" ypoyyur Tov A, (1)) = - (1" ypoyun tov A,) + (3" ypouun Tov A,y)
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2° pripa:

9 3 4 | 7
=lo [5/3] 2 44/9 |,
0o 0 -1/3 | 12/45

Omov 01 2 TPOTEG YPAUUES TOV Ttivaka A, (2) TOPAUEVOVY AVOALOIOTEG,

2
(3" ypoyuni Tov A, (2)) = —g 2" ypoyuii Tov A, (1)) + (3" ypogyusy tov A, (1)) :

X ovvéyew pe TN Odkacio. TG mPog To Tow omcfodpounong,
vroAoyifovpue:

-1/3x,=12/45=x,=-4/5
5/3x,+20/9x,=44/9= x,=4
Ox, +3x,+4x,=7= x,=-1/5. [

Ailvop1Buoc Gauss ue 00nynen

Xy mopomdveo dtdkacio, propel va tpokdyel TpoPAnua: gite 6tav 10
odnyo6 otoyeio oe Kamoo Pripa eival to undév, omdTe dev ivar dvvatoOV
va dlaypopovv To 6TotyEia Tov PBpickoviol kAT and avtd, gite OTAV TO
odNnyo6 otoryeio oe kamolo Pripa £xel TOAD HKPN T GE GYECMN LE TOVLG
dAAovg apBpovg tov emavEnuévov mivaka, OmATE  OMUIOVPYOVVTOL
ocpdrpoto. I'a 0 Adyo oavtd, mpwv Eekvicovpe va e@appdlovue
uébodo tov Gauss, Bo mpémel va EAEYYOLUE AV VILAPYOVY Ol TOPOTAVE®
dvorertovpyies. To mpoPAnua emAdetal pe avipnetdbeon g YPOUUNG,
Mg omotog o0 0dMNyd otoryeio etvar mOAD pikpd M Undév, pe pion GAAN
YPOUUT oV dgv dnovpyel TéTola TpoPAnpaTa.

Oa Mrav Wavikd, 6Aa o ototyeia Kdtm amd 10 00MYd oToryEio, vo Exovv
TIEG, UIKPOTEPEG KAT OMOAVTO TN OO OWTAV TOL 001YOV GTOtYElOV.
I to Adyo avtd eléyyovpe tnv 1M oTAAn Tov enawénuévov mivako, OOTE
va  PBpodpe TO peyoAvtepo  Kott  amdAvto TN otorkElo Ko
avtipetobétoope v 1" ypoupq pe TN YPAUUR TOL TEPEXEL TO
CLYKEKPLUEVO OTOLEl0. ZTN GLVEXEINL HETAPEPOOoTE 6Tn 2" GTAAN Kot
elEyyovpe OAol To oTOKElD KAT® TOL OOMYOL oTolKElOL, DGTE VA
EVIOTICOVLE TO WEYOALTEPO KOT' amOAvTo Tur. Tote avipetabétovpe
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Ol ™ 2" ypapun, HE TN YPOUUN TOL TEPLEYEL TO CVYKEKPLUEVO GTOLYEID
Ko ovveyiCovpe pe Tov 1610 Tpdmo Yo vo EdéyEovpe o 3°, 4°,..., viootd
odnyo6 otoyyeio. To emmAéov VIOLOYIGTIKO KOGTOG G€ MPAEelS eivan g
TGENG 77 Kol GUVERAC MKpPO OE OYEOT HE TO GUVOAKO KOGTOC TNG
TPLYOVOTOINGNG.

Mopaderypo 2 No emtdvbei to choT U

3x,+x,—4x; +x, =1
=5x, +2x, + x; —2x, =-3
—x, +6x, —3x,—4x, =2
=2x,+x,—4x,+2x,=0

Avon Enedn max{|q,, |: i=1,...,4} =5, aviipetoférovpe v 1" ypoppn
ue v 2" ko éyovpe:

=5x, +2x, + x; —2x, =3
3x,+x,—4x,+x, =1

—x, +6x,—3x, —4x, =2

—2x,+x, —4x,+2x, =0

Enedn max{|a,,|: i=2,..,4} =6, aviyuetadétoope mv 3" ypopu pe
v 2" kot £yovpe:

=5x,+2x, + x; —2x, =-3
—x, +6x, —3x;, —4x, =2
3, +x,—4x,+x, =1

=2x,+x,—4x,+2x,=0

Enedn] max{|a,,|: i=3,..,4} =4, 10 cOoTuUA TOPOUEVEL AVAALOIMTO.

Yvveyilovpe pe tov id10 TpOTO, 6T GLVEYELD ADVOVE TO GUGTNUO UE TN
péBodo amarorpng tov Gauss 0nwg tapondve kot Bpiokovue: x; = 21/10,
xX,=152/15, x3=187/30, x,= 19/2. 1]
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Eoappoynq 1 (vmoroyiopog opilovoag) Nao vmoroyiohei n

9 3 4
opilovoa tov wivaka 4= 4 3 4.
1 1 1

Avon Eivar yvootd 011 1 opilovoa evag TprymvikoD mivako 16o0Tol LE TO
ywouevo tov otoyeiov e Kuplog dwymviov. Metaoynuotilovtag tov
nivaka A oe Gveo Tpryoviko pe ) pébodo Gauss (PAéme mapdderypo 1)
TPOKVTTEL OTL

o] 3 4
Det(A) = Det| 0 20/9 :9%(—1}—5. 0
0 0

AilyoprBuoc Gauss-Jordan

Etvon pio mapariroyn g pebodov tov Gauss.

Bijua 1° : opilovpe tov emavinuévo mivako TOV GUVIEAECTMOV Kol
otabepdv opmv, drdotaong nx(n+1):

a, 4y a, | b
4 = Ay Gy a4y, | b
er | . : | I

anl anZ ann | bn

Bnpo 2°: AkolovOodue  dadikocio g uebddov Gauss, ondte petd to
TEPOG TOL PIUOTOC AVTOV 0 VEOS EmaLENUEVOC TTivakag Ba £xel T Lopen:

a, a, - a, | b

0 | b

As;r(l): : : Zn | .
2

0 a3 - a) | b?

Bnpo 3°: Zvveyiovpe tn dwadikacio Eekvdviag Tdpa Le 0010 otoryeio

10 2° otoiyelo the Kvplog JioywVviov Tov mivoxo. Ag”(l) , ONAadn 1o ag),

Ko ektelovpe pia Tpdén petaév g 2™ ypapung kot kdbe piog amd Tig
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VTTOLOITES YPOUUES, ETOL (DOTE OL0_TO_OTOLYEIQ EKTOS GO _TO_00NY0
oroiyeio va unoevidovrar. Metd 10 mépog tov Puatog owtod 0 VEOG
emavENUévog Ttivakag Ba £xel ™ popen:

) (2) (2)
a, 0 aiy - a; | b
) 2) (2) (2)
0 a) aj - a, | b
_ 3) 3) 3)
A, (2) =1 0 0 aiy - a3 | b
3) 3) (3)
0 0 aj a,’ | b,

Yvveyilovtag pe tov 1010 TpOmO petd omd n Prpato, KOTOAYOUUE GE
&vay EMOVENUEVO «dtay@vioy Tivako TG LOPeNG:

a, 0 0 - 0 | b"
0 a2 0 -« 0 | B
A, ()= 0 0 &) - 0 | B,
S A
0 0 - 0 & | "

0 0mo10¢ emTpEMEL VoL VITOAOYIG00VV 01 AVGELS amevbeiag amd TIC GYECELC:

Q) . _ 3
a’ x, = b".

Hapaoerypo 3 No emdvbdei pe m pébodo Gauss-Jordan to chotnpa:

Ox, +3x, +4x, =7
4x, +3x, +4x, =8.

X +x,+x,=3

Avon Opilovue tov emavénuévo mivaka:

&

LN

I
— B~ O
—_ W W
— A~ B
W o

1° pipo:
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O] 3 4 | 7
A,(1)=| 0 5/3 20/9 | 44/9|,
0 2/3 5/9 | 20/9

(BAéme mapdderypa 1).
2° pipa:

0 0 | -9/5

9
4,(2)=|0 [5/3] 20/9 | 44/9 |,
0 0 —1/3 | 12/45

omov 1 2" ypapun tov wivoka A, (2) TOPOAUEVEL OVOALOT®TN KO

9
(1 YOOI TOV Ag” (2)) = —g (2" YPOUUY TOD Am (1)) + (1" YPOUUN TOD Am (1))

2
(3" ypoyuni Tov A, (2)) = —g (2" ypoyyusi tov Agﬁ(l)) + (3" ypoyuyusy tov A, (1)) :

3° pipe:

9 0 0 | -9/5
4,(2)=[0 5/3 0 | 60/9 |,
0 0 -1/3 | 12/45

omov 1 3" ypapun tov wivoka A4, (2) TOPOAUEVEL OVOALOTWTN KO

20
2" ypoyii rov A, (2)) = ? (3" ypoii rov A, (1)) + (2" ypoyyry tov A, (1)) )

>t ovvéyela vroroyilovpe amevbeiag:

-1/3x,=12/45=x,=-4/5
5/3x,=60/9= x,=4

9x,=-9/5= x,=-1/5. [
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Egappoy 2 (vmoloyiopds avrtiotpo@ov mivaka) Nao
vroAoylofel o avtioTpoPog Tov mivaka

9 3
A=|4 3
1 1

e SN

Avon Oswpolpe Tov ETAVENUEVO TTivaKa

omov [; glvar o povadwaiog mivaxkag 3x3. Me ™ pébodo Gauss-Jordan

petooynuatiCoope tov emawénuévo mivako petd omd 3 Prjpato ot
HopoN

al(i) 0 0 | b, b, b
4.0=(D, | B)=| 0 4@ 0 | b

0 0 a3 | by, b, b

omov Dj; eivan €évag dwyoviog mivaxkag dwdctaong 3x3 . Tote av
-1 , .
A7 =(¢;); 135 EXOVE:

b,
C’.'/ = lel)
[Tpdypatt Egovpe:
9 3 4 | 1 0 0
A 1=|0 5/3 20/9 | -4/9 1 0], (1° ppa)
0 2/3 5/9 | -1/9 0 1
9 0 0O | 9/5 -9/5 0
A.(2)=|0 5/3 20/9 | -4/9 1 01, (2° prpa)

0O 0 -1/3 | 1/15 =2/5 1
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9 0 0 | 9/5 -9/5 0
A (3)=[0 5/3 0 | 0 -=5/3 20/3| (3°Pina).
0 0 -1/3 | 1/15 -2/5 1

Awupodpe Oha to otoyEeion TG i- YPAUUNG TOL Tivaka €k deE1dV NG

SLOKEKKOUEVNG YPOUUNG HE TO U1 UNOEVIKO GTOEIO NG i- YPOUUNG TOV
Sy®VIOL TTIVOKOL KOl TAipVOU E:

/s -1/5 0
A'=] 0 -1 4. O
-1/5 6/5 -3

§ 3.2 Aciktyg KardoTacnys mivaxa

Mio katnyopioc cuvoTnudtov mov ToPoLGldlovy evolapépov glval ta
Aeyopevo aotafn M kokdg opiopéva. Eva tétoto mapdaderypo givar 1o
GUGTN O

X +2x,=2
2x,+3.999x, =4.001°

10 omoio €yel povadikn Avon x; = 4, x; = -1. To eldyiota SPOPETIKO
GUOTN O

X +2x,=2
2x,+4.001x, =4.001

Exel ™V TeAEl®C SLOPOPETIKN Hovadlkn Avon x; = 0, x, =1. Térown
CLOTNLOTO. TTOL Etval TOAD gvaicOnTa 6TIC AAAAYES TV OESOUEVMY TOVG,
KOAOOVTOL AoTOON 1 KOK®OG 0pIoUEVa Kol 1 ETIAVGY] TOVG UE OplOUNTIKES
pefodovg Ba mpémel var yivetor pe 1010itepn TPOGOYN Kol EUGOCT GTOV
TEPLOPICUO TOV CEOAUATOV oTpoyYOAEvons. 'Eva ypnowo epyoieio
depedivnong g evotdbelag N aoctdbelog evog mivako stvor o deiking
KOTAGTOONG TIVAKOL, Y10 TOV OPIGUO TOL OTOI0V OALTEITOL TTPOTYOVUEVIG
va oploBei 1 Evvolag g VOPLOG TIVAK®V.
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Opopdg 3.2.1 Eoto X évog Stavuopotikdg ydpog Tave omd 1o 6Hvoro
R 7 C 100v mpaypatikedv 1 pryodikov aplfuov avtictoryo. Eoto K = R 1
C. Mia aneikovion:
Il : X >R, x|
KOAELTAL VOpUO, OV 1GYVOVV:
° HxH=O<:>x=O,

o |Ax|=A1] x| yiokabe i ek,

o [ kdbe x,yeX,

x+ <] 2+

Amo to mopomdve, eaivetal 0t n voppa mailel 1o pOAO NG ATOALTNG
TIUNG GE SLOVUGLATIKOVS Y DPOVGE.

Hapaoeiypota: BOswpodue 10 dovvopotikd yopo R' = {x: x =
(X1, ...,X,)}, TOTE 01 aKOAOVOEC glvan vopueg Tov R

1. HxHOO =max{|x, |, i=1,...,.N} (vpua ueyiotov).

2. HXHl = Z| x, | (1; vopua).
i=1

1/2
3. HxH2 = (Z| X, |2J ( [ vopua 1 evkieidio vopua,).

i=1

Eotw R"™ elvor 0 S0vOOUOTIKOC YDPOG TOV TPAYUATIKOV TIVAK®OV
dlotaong nxn , TOTE pio AmEKOVION HH : R™ —> R" mov minpoi 1a

aSiopato Tov opwopov 3.2.1 ko emumAéov HA BH < HAH HBH Y ke

A,B e R"", xoleiton vopua wvarkwy.
Opwopdg 3.2.2 Eotw HH uia voppo oto yopo R", n amewkdvion:

4]

W &> R 4] = sup, e 7

KOAELTOL QUOIKT VOPUO TIVOKMDV.
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Hopoodeiypota:

1.

Oewpobpe 610 Yhpo R" ™ vopuo. peyictov Hx‘w , TOTE 1 TAPAYOUEVT

, /. r nn o _r Zo.
ano v Hwa QLOIKN vOppa otov R™" givon n e&ne:

n
4], = max,..., >l a .
=1

Oewpovpe 610 yOpo R" v [;-vopua Hx [» T0TE M mMapayOpevn amd

™mv Hle QLOKN VOpuo otov R™" givon ) e&nc:

n
HAHI = maXISan Z| aij | .
i=1

Oewpodpe 610 yOpo R" v [r-vopua Htz Kol €ot® p(A) etvon m

poouotiky oxtivo, tov mivoko A, mov opileTal ®C TO UEYIOTO TAOV
ATOADTOV TILAOV TOV WO0TIUOV TOV Tivaka A, Tote 1 mopayduevn and

mv HxH , PLoIKN voppa otov R™ eivar n e€ne:

J4l,=(p(44)) ",

J T .r e ’
omov A" gtvar 0 avAGTPOPOG TOL TTivaKa A.

Emotpépovpe tdpa o010 TPOPANUO TG KOATACTOONG TMOV YPOUUUK®OV
cvoTnUat®V, ONAadn ot peAétn g evacnoioc twv AVGE®V TOL
GUGTNHOTOG

Ax = b

o€ dwtapayéc v dedouévav A€ R™ ko be R". Ac agpnoovue mpog
oTiyunv tov mivoka 4 otafepd Kot a¢ LETARAAAOVLE TO JLAVUCLLO, GTHAN
b, tote av x +Ax givor 11 ADoT TOV STAPUYUEVOL GUGTIIATOC, EXOVLLE:

A(x+Ax) = b+Ab=>AAx = Ab=Ax=A"" Ab,

apa:

|ax|=||a a| < 47| |as]

57



Kol OGOV

bl = |[Ax| < |4 |x|=— < *—F,

amtd T0 GLVOVAGUO TV TOPATAVED OVIGOTITMV TPOKVTTEL OTL:

I

|~

OOV P 4y, Pap TAL AVTIGTOLYA GYETIKA GOAApATA. H TOGOHTNTO

Ab
) bl o<t )

xk(A)=|4| HA‘1H

elvar évag ovvtedeotng evatcOnaciag mov tpocdiopilel T pEYLoTN dvvoTr
HETOLOAT TOV OYETIKOD GOAALATOS TOV OTOTEAEGUATOV GE GYECT LE TO
OYETIKO COAALL OEQOUEVAOV KOl KOAEITOL IEIKTHS KaTdoTAoHS TTivaKka A,

elvon dg mavto peyordtepoc g povadas. Av x(A4) >>1, tote Aépe 6TL T0

TpOPAnua givor o Kok kataotact. [Ipoeavdc o Oeiktng KatdoTaomg
opiletal HOVOV Y10 avTIOTPEYIHOVS Tivakes. Av o mivakag A telvel va
yiver un avtietpéyipog, tote o dgikng Kotdotaong avtov TeivEl 0TO
drepo. O deikmng katdotaons x(A4) xabopiler emiong kot to TOG

dwtapayég Tov mivaka A ennpedlovv T Ado.

Ocopnpa 3.2.1

(i) ov (4+Ad4) (x+Ax) = b ko av HA_IH |ad| <1, 1ot o

nivakoag 4+ AA givor avTioTpEYLOG KoL 1oYVEL:

K(A)
Pax < I_HA,IH HAAH Pas-

(i) oav (A+A4) (x+Ax) = b+Ab xu av HA_IH |a4] <1, tote o

mivakag 4+ AA givor avTioTpEYLOG Kot 1oYVEL:

PR

_I_HA%H HAAH (pAA+pAb)'
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§ 3.3 Eravainntixés uéfooot emilvons cootyudtwy

Ymv mapdypaeo avt 0o acyoAnbodue pe v oapOuntiky emilvon
YPOUUIKOV CUOTNUATOV UE TIG AEYOUEVEG EMAVAANTTIKES HEBOSOVG, OOV
Eexvavtag and pia avbaipetn mpoosyyion g AVoNG TOV GLGTHUATOG,
Kataokevalovpe o akolovdio dadoyk®y Tpoceyyicewv TG AdoNg, M
omoio Vo TPoLTOHECEIC GVYKAIVEL TNV TTparyHoTKn AHon.

MéBodoc Jacobi

Oewpodpe t0 cvomua (3.1) ko Avvovue v i-eicwon ¢ mpog Tov
Ayv®oTO X;, OTOTE:

j=i+1

(b zax_z,“}-_

0) _ 0 0 0)
()_(x> O i )

[Ma toyaio dedopévn apyikn| Tiun x 1N OVOOPOLIKT|

aKoAovBio yio TOV VTOAOYIGUO TNG ADONG TOL GLOTNUOTOC Eival M
aKdAovon:

1 i—1 n
(m+1) _ (m) (m) . _
X, = b, —Zaijxj —Z a;x;"" |, L,=L.,n, m=1,... (3.2)

MéBodoc Gauss-Seidel

Oewpodpe t0 ocvomua (3.1) ko Advovue v i-eicmon ¢ mpog Tov
dyv®woTo X;, OTOTE:

{b zax_z,“}-_

Jj=i+l

o toyaio Sedopévn apyey tuy x' = (xf(’),x;‘”, WX (0)) 1N OVOOPOULIKY|

aKoAovBio yo Tov VTOAOYIGUO TNG ADGMG TOL GLGTNUOTOC Elval M
aKOAovON:

i—1 n
(m+1) (m+1) (m) . _
X; (b a;x;""" — E ax; J, i,=1..n m=1,... (3.3)
ii

Jj=1 J=i+l
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H dwgpopd and t péBodo Jacobi eivar, OTL Yoo TOV LITOAOYIGUO NG
cuwvicthoog  x " ypnowomolodpe TG HdN vroAoyiohesiceg Tyég

(m+1) _.(m+1) (m+1) r 4
x" x5, x T g g yevid.

[Ma ™ gdyriion Ty 6v0 uedodwy 1Gyvel 10 aKdiovbo:

Ozopnue 3.3.1 Eoto 6t o mivakag 4 TOV GOVIEAESTOV TOV
ayvVOOT®V  €VOG  YPOUUIKOD GUOTNUOTOS EXEL KUPLOPYIKY  OLOymOVIO,
dnAaon:

n

la,| = D layl ij=1...n,
Jj=1
j¢

161€ o1 LEBodot Jacobi ko Gauss-Seidel cuykAivouv.

Hoapaoderypa 4 No emdodei pe ™ pédodo Jacobi 1o choTnp:

8x, +x, +x;,=10
x, +8x, +x, =10,
x, +x,+8x,=10

pe axpifela 2 deKadIKOV Yyneiwv.

Avon Tlopatnpodpe 4Tl 0 TIVOKOC TOV GUVIEAEGTOV TOV AYVOGT®V £XEL
Kuplopyikt oayaovio. [pdypartt:

dpo M pébBodog Jacobi ocvykAiver yio kdBe apyiky Ty g Adong.
@cwpoope  avloipeta ot XV =(x,x”,x")=(0,0,0) , tote

vroloyifovpe pio véo mpocéyyion g Avong x = (x,x{", x{") and mv

oxéon (3.2) yvum =0 :
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10 1 1
xV = 19_ —x¥ ——x{" =125

8 87
X, =%—%xf°) —1x;°> =1.25,

w210 Lo Loy

g8 8
apa: xV = (x", 1, xM) = (1.25,1.25,1.25). Tvveyiovpe yioo m = 1 xon
TOPVOVLLE:

xm:Q—lx(” 1 xM =0.9375
: g g2 g

2 = 10 1 o _ 1 (1)

X, —x| =0.9375,
FEEREE
XD = 180 ;xf“—; '=0.9375

apa: x? =(x?,x?,x{*) =(0.9375,0.9375,0.9375). Tvveyiovue yio m =
2 Ka1 Taipvovue

w210 Lie Lia_ g1s5625
8 872 8

w210 e Lie_y g1s625,
8 8' 8

w210 Lie_Liar_ g15625
8 8 8

apa: x¥ =(x,xP,xP) =(1.015625,1.015625,1.015625). Tvveyilovrag
vroloyilovpe 6t otny 4" emavainym éxovpe 6T

=(x?,x{P,xY) = (0.99609375,0.99609375,0.99609375),
evd otnv 5" emavainym £xovpe 0Tt
V=, 1, x7) = (1.0009766,1.0009766,1.0009766).

Xtopoataue oty 5" emovainyn 16t
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1 = x¥ || =/1.0009766 — 0.99609375|< 0.005. L[

Hapaoerypo 5 No emdodei pe ™ pébodo Gauss-Seidel to cvoTnpA:

8x, +x, +x;=10
x, +8x, +x;, =10,
x, +x,+8x;=10

ue akpifeta 2 deKadIKOV Yyneimv HETAED S1000y KOV AVCEMV.

Avon Topatnpodpe 411 0 TIVOKOS TOV GUVIEAEGTOV TOV AYVOOT®V £XEL
Kuplopykt oayaovio. [pdypart:

dpa n néBoodog Gauss-Seidel cvykhivel yia kaBe apykn T g Adong.
Oswpodpe  avbaipeta ot x'V = (x(o),xgo),xf)) (0,0,0) , tote
vrohoyiCovpe pio véa mpocéyyion g Aong x = (x,x",x") and mv

oxéon (3.3)ywum =0

X = 10 lx(O) 1(0)

e =1.25
X = 1; ;xf“ 1 X" =1.09375 ,
X = lz? ;xf” 1 x{" =0.957031

apa: x = (x, x",x") = (1.25,1.09375,0.957031). Zvveyilovpe Yo m =

1 ko Taipvooe:

10 1 1
@ = 10 _ —xD -2 =

( ( =0.993652
8 8

w0210 Lie Loy gos1646,
8 8 8

w0210 Lie Loy 0000220
8 8 8
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apa: x? = (x?,x?, x17) = (0.993652,1.0061646,1.0000229). Tvveyilovpe
Yo m = 2 KoL TOiPVOLLLE

X3 = 10 lx(2) 1 (2)

; ( = 0.9992266
8 8
w210 Lo Lo 6000933,
R
w10 L %xg) =1.0000849

BTy

apa: x = (x,x$, %87 = (0.9992266,1.0000938,1.0000849). Zuveyilovt
ac, vrroloyiCovpe 6t oty 4" emavainyn éxovue OTL

Y=, 1P, xY) =(0.999978,0.99999218,1.0000037),

OOV KOl GTAUATAUE SLOTL:

[x® —x® . <0.005. ©
AAYTEX AXKHXEIZ

1. Na emdvbodv pe ™ pébodo Gauss-Jordan 7Ta cvothipoTo
eElomvoemv:

2x, =3x, +x,=1 X =5x,+x,=2
(a) 3x,+x,—x;=2, (b) 2x, +4x, +x, =1,
X —x,—x,=1 X +x,+x,=0

Eniong va vmoroyisBovv o1 opilovceg Tov TvaKa TV GUVIEAECTOV TMOV
ayvoOoTmv Tov 000 cvoTnudtov Kabmg emiong Kot 0 avtioTpoeog
Tivokog.

Andvr. () x; =4/7, x, =-1/14, x3 = -5/14.
(b) X; = 2, Xy = -1/3, X3 = -5/3.

[Ma tov vwoloyiopod g opilovoag Préme epappoyn 1

(@) Det(4) = -14.
(b) Det(4) = 6.

63



["a tov vmoloyio o Tov avtictpopov mivaxka PAETE epappoyn 2.

1/7  2/7 -1/7 /2 1 -3/2
(a) A'=|-1/7 3/14 -5/14 |, (b) A'=|-1/6 0 1/6
2/7 1/14 -11/14 ~1/3 -1 7/3

2. Na emdvBovv pe ) pébodo Jacobi ta cvotiuata:

3x,+x,-2,=1/2 =5x, +x, -3, =1
2x, —4x, —2x;, =1, 2x, —4x, —x;,=2,
X, +x, +3x,=-2 X, +x, +3x,=-1

€101 OOTE TO PO peTald V0 O10d0Y KOV TPOCEYYIcE®V Vo ival
uikpotepo tov 0.1. Ov mpdelg va yivouv pe oTpoyyvAomoinon oto 6
deKaOKO ymeio.

Amnavt: (PAéne mapaderypo 4)

(o) Xpewaldpaote 5 emavarnyelc. Tote

x¥ = (-0.175412, -0.104938, -0.552984)
Ko
| x® —x*<0.0869342.

(B) Xperalopaote 4 emavarnyelc. Tote

x'¥ =(-0.228333, -0.589722, -0.0772222)
Kot
| x = x®]<0.0647222.

3. Na emivBovv pe ™ pébodo Gauss-Seidel to cuotiuata:

3x,+x,-2,=1/2 =5x, +x, =3, =1
2x, —4x, —2x;, =1, 2x, —4x, —x;=2,
X, +x, +3x,=-2 X, +x, +3x;,=-1

£161 ®OoTE TO GPAOAUA peTah OVO0 O1d0YIKAOV TPOCEYYIcE®V Vo lval
pikpotepo tov 0.1. Ov mpdéelg va yivouv pe otpoyyvAomoinon oto 6
deKad1Kkd ymeio.
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Amnavt: (PAéne mapaderypa S)
(o) Xpewaldpaote 3 emavarnyelc. Tote

x® =(-0.212963, -0.0648148, -0.574074)
Kot
|x® - x |I<0.037037.

(B) Xperalopaote 2 emavarnyelc. Tote

x? =(-0.28, -0.623333, -0.0322222)
Kot
| x? —x? [|<0.08.

3. Ipocdiopiote tig vopues |-, |-l 1-1l, Tov mvikmv:

0 3
1 2
A=|-1 0 1|, B= .
3 4

0

-2 -1
4. TIpocdiopicte t0 deiktn KaTdoTOONC TOV TIVOKOL:
y :( 0.78 0.563j |
0913 0.659
5. Eotw 4 x=b n axpipnc AMon evdc cuotiuatog (4 aviioTpéyiuoc)

Kol X [0 TPOoEYYIoTIKN Ao, ®wote r=A X —b va givol o vrdAouro.
Na dei&ete 6t Yo KaOe vopua mvdxov ||.|| woyvet:

lE=xll ol
I <1 151

omov x(A) givor o deikTng KaTdoTaong Tivaka A.
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