3. Bayesian Approach for
Parameter Estimation in Structural
Dynamics Using Modal Data

3.1 Introduction

The Bayesian framework for parameter estimation is used to address the problem of
estimating the uncertainty in the values of the parameters of structural dynamics
models based on the measured modal data. The model class used to represent the
structural behavior is considered to be linear. Prediction errors, measuring the fit
between the measured and the model predicted modal properties, are modeled by
Gaussian distributions.

3.2  Bayesian Parameter Estimation Utilizing Modal Data

Let D={0" " e RY r=1--m k=1--N,} be the measured modal
data from a structure, consisting of modal frequencies c&f‘“ and modeshape components
(ﬁf") at N, measured DOFs, where m is the number of observed modes and NV, is
the number of modal data sets available. Consider a parameterized class of linear
structural models used to model the dynamic behavior of the structure and let
0 € RV be the set of free structural model parameters to be identified using the
measured modal data. Let also {w, (8),¢, (8) € R™,r =1,---,m}, where N, is
the number of model degrees of freedom (DOF), be the predictions of the modal
frequencies and modeshapes obtained for a particular value of the parameter set 8 by
solving the eigenvalue problem corresponding to the model mass and stiffness matrices
M (@)and K (0), respectively, that is,

[K(6) —w;(0)M(6)] ¢,(6) =0 3.1)

The objective in a modal-based Bayesian structural identification methodology is to
estimate the uncertainties in the values of the parameter set @ so that the modal data
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{w,(0), ¢.(0), r=1,---,m} predicted by the linear class of models best matches,
in some sense, the experimentally obtained modal data in D .

The Bayesian approach uses probability distributions to quantify the plausibility of
each possible value of the model parameters @ . Using Bayes’ theorem, the updated
(posterior) probability distribution p(@ | D,o,M) of the model parameters 6 based
on the inclusion of the measured data D, the modeling assumptions M and the value
of a parameter set o , is obtained as follows:

p@ | D,o,M)=c p(D|0,0,M) p(@ |o,M) (3.2)

where p(D |0,0,M) is the probability of observing the data from a model
corresponding to a particular value of the parameter set @ conditioned on the
modeling assumptions M and the value of o, p(@ |o, M) is the initial (prior)
probability distribution of a model, and ¢ is a normalizing constant selected such that
the PDF p(@ | D,o,M) integrates to one. Herein, the modeling assumptions M refer
to the structural modeling assumptions as well as those used to derive the probability
distributions p(D | 0,0,M) and the prior p(@ | o,M). The parameter set o
contains all parameters that need to be defined in order to completely specify the
modeling assumptions M. Measured data are accounted for in the updated estimates
through the term p(D | 8,0,M), while any available prior information is reflected in
the term  p(@ |o,M). From the experience is usually assumed
p(0 | o,M) = (@) = constant (a non-informative prior distribution). Other prior
distribution can be assumed as well. In order to simplify the notation, the dependence
of the probability distributions on M is dropped in the analysis that follows.

The form of p(D |0,0,M) = p(D |0,0) is derived by using a probability model
for the prediction error vector e =[el*),... eM], k =1,--- N, defined as the
difference between the measured modal quantities involved in D forall » =1,---,m
modes and the corresponding modal quantities predicted from a model that
corresponds to a particular value of the parameter set @ . Specifically, the prediction
error el =[el ] is given separately for the modal frequencies and the

modeshapes by the prediction error equations:

e =0 —w (), r=1....,m (3.3)

) = o — ¢ (0), j=1...N,,r=1...,m (3.4)

where ¢! and e!" are respectively the prediction errors for the modal frequency and
modeshape components of the r-th mode, k =1,---,N,, m is the number of
identified modes and [V, is the number of sensors.
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In order to simplify the notation, equation (3.4) can be rewritten in the vector form
ef;r) =" — YL () r=1....m (3.5)

where 3% = ™7 /"¢ is a normalization constant that accounts for the
different scaling between the measured and the predicted modeshape for given
parameter set @ and L, is a N,xN, matrix (N, is the total number of the model
degrees of freedom) of ones and zeros that maps the model DOFs to the measured
degrees of freedom.

Following the Bayesian methodology, the predictions errors are modeled by zero-mean
Gaussian vector variables. Specifically, the prediction error e "> for the r-th modal
frequency is assumed to be a zero mean Gaussian variable, 6wr ~ N(O o’ w( %), with
standard deviation a%c&f,“. The prediction error parameter o, represents the
fractional difference between the measured and the model predicted frequency of the

r-th mode. The prediction error for the r-th truncated modeshape vector e € R0
is also assumed to be zero mean Gaussian vector, e¢) ~ N(0, C’ ), with covariance
matrix C € R"™ = where N(u,X) denotes the multldlmensmnal normal

dlstrlbutlon Wlth mean g and covariance matrlx >.. In the analysis that follows, a
diag onal covarlance matrix C’(" ”HN is assumed,  where
s HN ’“)H /N, || is the usual Euclrdren norm’and 1 is the identity matrix.
The preodlctlon error parameter o, represents the difference between the measured
and the model predicted component of the r-th modeshape relative to an average
value Hqg,,("')HNO of the modeshape components. The parameters o, and o, , represent
the prediction error estimates of the measured modal frequencies and modeshapes
involved in D.

3.3  Formulation for p(D|6,0) Using the Gaussian Probability
Distribution for Model Prediction Error

In the analysis that follows, the parameter set o is taken to contain the parameters
o, and oy, r=1,...,m. Given the values of the parameter set o , assuming
|nd’ependence of the predlctlon errors ef"") and using the Gaussian choice for the
probability distribution of the prediction errors ¢! and el’, the probability
p(D | 6,0) of observing the data from a model within the class of models M is

estimated as follow:

(DB, )=p(@",....o", o ... 6"0,0) H Hp 2Me,o) Hp »"10,0)|(3.6)
k=l [r=1

Since w, (@) in equation (3.3) is a deterministic quantity and the predictions errors

e™ are modeled by zero-mean Gaussian scalar variables so  that

T
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el) ~ N(0,02 &"?), the measured modal frequenmes WM are also implied to be
Gaussian variables, that is, oW NN(w 0),0> O* ) with mean w .(0) and
variance o w(" . Therefore, the probability den5|ty function (PDF) of w ) involved

in (3.6) glven the values of 8 and o , is given by

2
1 1 (0¥ —w, 6))
V27 o, o P 2 5 o2

Wy

p(e0,0)= (3.7)

Equivalently, since ¢, (@) in equation (3.5) is a deterministic vector and the
predictions errors e(’” are modeled by zero-mean Gaussian vector variables so that

el ~ N(0,C), the measured modeshape components ¢’ are also implied to be
Gaussian vector variables, that is, ¢ ~ N(qb (0),0(;)) with mean ¢.(9) and
covariance matrix C” . In that case, the probability density function (PDF) of o
involved in (3.6) given the values of @ and o , is given by

T T
AT i i

Using the diagonal covariance matrix C;_ with diagonal elements 0¢ H¢>(" HN and
substituting into (3.8), one has

. 5~ L,.0)
qbr(k) 0,0)= 1 - — 1[ qu - 0 3.9
R P I T

By substituting equations (3.7) and (3.9) into equation (3.6), one derives that

Np m 1 <d}£k) —w, (9))2
p(D|0,0)= HH T expi— 201 @5'“)2
Ny . 1 lé® — 9L & @)
XHH w, o " N, eXpi— 5 > ¢T ?(rk) 20¢r( )H (310)
w151 (V2r) " (o) ((ﬁf >HNO) Ty &y,
which successively simplifies to
1 1¢s 1 (@ —w, 0)
p<D ’ 0?0) = mN Np m m N CXp _5 2 (wr A(kc)d )
V) T T T )” =A@
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1 1 1 & 5Lo¢ o)
X Ny o — exp __Z 2
(\/%> NoNp gl}( ()bsk) L\]{))N H(O-@)N[)NU 2 r=1 0-¢r k=1 ), N[]
and
1
p(D]6,0)= Y m X
(V) e HH( 1 ) TT(2oi)
k=1 r=1 r=1
m Ny ~ (9) Np L (k) 2
X XD _%ZL?Z ( —Ww, ) 12 Z ¢ /Br 0¢ )H (3_11)
=1 O, k=1 To. k= v Nn

Equation (3.11) can be rewritten in the form

1
P00 e |- T2s00)) 1)
b(v27w) " plo)
where J1,0:0) =32 J.0) (3.13)

i=1 i

with J(0)=J, @), J,.0)=J,(0), i=1..,m, n=2m, represents the
weighted measure of fit between the measured modal data and modal data predicted by
a particular model within the selected model class, J,, (6) and J, (0) are defined by

N, 9 _ ~ (k)12
J, (6’)2L & Lk) f ] (3.14)
' N, = [WT ]
and
N, 5(’0 ¢<9) ¢(k)
J, ( )=L — - ‘ (3.15)
% ND py &(1\) 2
respectively,
plo) = H(Ui)aiNN” (3.16)

is a function of the prediction error parameters o, N=m(N,+1) is the number of
measured data per modal set, «, =1/Nand «, = N,/N, r=1..m
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satisfying ﬁj o, =1, represent the number of data contained in each modal group in
relation to the'total number N of data, and

Np m
Es
=1 r=1

k

Ny

qﬁ(k)

N()

) = ¢ = constant (3.17)

Assuming that the prediction error parameters o, =0, 7= 1,...,m, are the same
for all the modal frequencies for each data set £ =1,---,N, and that o, =0,,
r =1,...,m, are the same for all modeshapes for each data set £ = 1,---, N, In this
case, n=2, the prediction error parameters are o = (o,,0,), the two measures of fit
are given by

56)-=3, 6) (318)
and
1 m
Jz(G)ZHZ%(e) (3.19)

respectively, and the exponents «, appearing in (3.16) are given by a, = m/N and
a, =mN,/N .

3.4 Optimal Value of Structural Model Parameter given the
Prediction Error Parameters

Given the values of the prediction error parameters o , the optimal value of the model
parameter set @ corresponds to the most probable model maximizing the updated PDF
p(@ | D,o,M) given in (3.2). In particular, using (3.12) and assuming a non-
informative prior distribution p(@ | o, M) = 7(0) = constant VO € ©, where ©
is the domain of definition of @, the optimal values 6 of the model parameters @ are
equivalently obtained by minimizing the measure of fit .J,,(6;0°) defined in (3.13), i.e.

0(c) = argminJ,(0;0) (3.20)
6
The notation é(a) is used to show that the optimal value @ depends on the values of

the prediction error parameter set o .

Hybrid algorithms based on evolution strategies and gradient methods are well-suited
optimization tools for solving the resulting non-convex optimization problem and
identifying the global optimum from multiple local ones.
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3.5 Remarks

The methodology can readily be applied to alternative modal residual metrics that
measure the fit between experimental and model predicted modal data. The
formulation can be extended to identify the structural parameters of linear and non-
linear models using measured acceleration time histories instead of modal properties.



